Quantum trigonometric Calogero-Sutherland model, irreducible 
characters and Clebsch-Gordan series for the exceptional algebra 

■■- J. Fernandez Niinez^^, W. Garcia Fuertes^ A.M. Perelomov -I- * 

' + 

' I Departamento de Fisica, Facultad de Ciencias, Universidad de Oviedo, E-33007 Oviedo, Spain 
. -f Departamento de Fisica Teorica, Universidad de Zaragoza, E-50009 Zaragoza, Spain 



^sO ! Abstract 

We re-express the quantum Calogero-Sutherland model for the Lie algebra Ej and the particular 
^ ' value of the coupling constant k = 1 by using the fundamental irreducible characters of the algebra as 

, dynamical variables. For that, we need to develop a systematic procedure to obtain all the Clebsch- 

Gordan series required to perform the change of variables. We describe how the resulting quantum 
, Hamiltonian operator can be used to compute more characters and Clebsch-Gordan series for this 

' exceptional algebra. 

o 

"Th 1 Introduction 



Oh' 



J3 



Integrable systems are important because they can be considered as 0-th order perturbative aproximations 
to non-integrable systems. By integrability we mean here integrability in the sense of Liouville, that is, the 
existence of a complete set of mutually commuting integrals of motion. During the three last decades of 
the past century, a plethora of highly nontrivial (classical and quantum) mechanical integrable systems 
were discovered, see [1, 2] for comprehensive reviews. Among these, the Calogero-Sutherland models 
^ form a distinguished class. The first analysis of a system of this kind was performed by Calogero [3] who 
studied, from the quantum standpoint, the dynamics on the infinite line of a set of particles interacting 
pairwise by rational plus quadratic potentials, and found that the problem was exactly solvable. Soon 
afterwards, Sutherland [4] arrived to similar results for the quantum problem on the circle, this time with 
trigonometric interaction; and later Moser [5] proved, in terms of Lax pairs, that the classical counterparts 
of these models also enjoyed integrability. 

The identification of the general scope of these discoveries came with the work of Olshanetsky and 
Perelomov [6, 7, 8], who realized that it is possible to associate models of this kind to all the root systems of 
the simple Lie algebras, and that all these models are integrable, both in the classical and the quantum 
framework [9, 10], for interactions of the type rational (or inverse-square), rational -|-quadratic, 

+uj'^q'^; trigonometric, sin~^ hyperbolic, sinh~^ g; and the most general, given by the Weierstrass 
elliptic function V{q). Nowadays, there is a widespread interest in this kind of integrable systems, and 
many mathematical and physical applications for them have been found, see for instance [11]. In Physics, 
we mention, among others, the remarkable connection established [12, 13] between the different Calogero- 
Sutherland models and the properties of the equations describing the physics of disordered wires (the 
DMPK equation); the results are in good agreement with the experimental observations. 

The study of the form and properties of the Schrodinger eigenfunctions for the quantum version of 
these models constitutes by itself an interesting line of research. In fact, these eigenfunctions have very 
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rich mathematical properties. In particular, for the trigonometric case, if wc tune the coupling constants 
to some especial values, the wave functions correspond to the characters of the simple Lie algebras, while 
if we select a different tuning, we can make them to coincide with zonal spherical functions. Thus, the 
Calogero-Sutherland theories provide us with a new tool for computing these quantities. In this spirit, 
we will describe in the present paper how to use the trigonometric Calogero-Sutherland model to obtain 
both particular characters and Clcbsch-Gordan series for the exceptional Lie algebra Ej. The main 
point of our approach is to express the Hamiltonian in a suitable set of independent variables, indeed 
the fundamental characters of E^. The use of such kind of variables has been quite useful to solve the 
Schrodinger equation for the models associated to some algebras [6], [14]- [21]. 

The organization of the paper is as follows. Section 2 is a reminder of the properties of Ei relevant 
for the contents of the paper. Section 3 describes the main properties of the Calogero-Sutherland models 
associated to root systems and explains how to find the Hamiltonian in the variables mentioned above. 
Section 4 gives some account of the computation of the Clebsch-Gordan series of Ej needed to pass to 
the new variables. In Section 5 we present the Hamiltonian in these variables and describe its use for 
computing new characters and to reduce tensor products of representations. Some conclusions are given 
in Section 6, and finally, the appendices show some explicit results for characters and Clebsch-Gordan 
series of Ej. 



2 Summary of results on the Lie algebra E7 

In this Section, we review some standard facts about the root and weight systems of the Lie algebra E^, 
with the aim of fixing the notation and help the reader to follow the rest of the paper. More extensive 
and sound treatments of these topics can be found in many excellent textbooks, see for instance [22, 23]. 

The complex Lie algebra i?7 has dimension 133 and rank 7, as the name suggests. From the geometrical 
point of view, it admits (with some subtleties, see [24]) an interpretation which extends the standard-one 
for the classical algebras: in the same way that these correspond to the isometrics of projective spaces 
over the first three normcd division algebras — SO{n + 1) ~ Isom(RP"), SU{n + 1) ~ Isom(CP"), 
Sp(n + 1) ~ Isom(HP") — F^, Eq, E-j and Eq are the Lie algebras of the projective planes over extensions 
of the octonions, giving rise to the so-called "magic square": F4 2± Isom(OP^), Eq 2± Isom[(C (g) 0)P^], 
E7 ~ Isom[(H (g) 0)P^], Eg ~ Isom[(0 (g) 0)P% 

The Dynkin diagram of Ej, see Figure 1, 
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Figure 1. The Dynkin diagram for the Lie algebra Ej. 
encodes the euclidean relations A^j = (aj,aj) among the simple roots, which are 



{ai,ai) = 2, 

{ai,ai+2) = -1, 

(Q;i,Q;i+i) = -1, 

iai,aj) = 0, 



i = l,...,7 
1 = 1,2 
i = 3, . . . , 6 
in all other cases. 
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Therefore, the Cartan matrix A = (Aij) and its inverse A ^ = {A^,^) read 
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(2) 



Throughout this paper we will use a realization of this root system in terms of a system of vectors 



of R (endowed with the standard Euclidean product ( , )) satisfying the relations {vi 



I + [22]. With reference to this system, E'j is the root system in the hyperplane V C of equation 
Ylii'^i — ^ given by 7?. = {yn — Vj,Vi + vj + + vi\i j k I}, the positive ones being those in the 
subset 7?.+ = {vi — Vj, vs — Vi, Vi + vj + Vk + vs\i < j < k < 8}. There are 63 positive roots, which can 
be classified by heights as indicated in Table 1. The seven simple roots are 



ai 
as 
as 
ay 



V2, 
V3, 
V5, 



a2 = + V5 + Vq + V7, 
a4 = V3- V4, 

ae = ■ws - ■"6, 



(3) 



which clearly satisfy the relations (1). 

The hyperplane V can be viewed as R^, and the basis made with the vectors vi,. . . ,vy is related to 
the canonical basis {ek}k=i,...,7 by ffe = — ^(1 + 4=) Z^J=i ej; thus, the simple roots ai are given by 



ai = 61-62, 




afc = efc_i-efc, A; = 3,..., 7. 

The fundamental weights Aj = J2j=i ^J^ctj are 



Ai 


= Vi- V8, 


A2 


= -2V8, 


A3 


= z;i+f2-2t;8. 


A4 


= fi + f2 + + 3i; - 3^8, 


As 


= 7;i + 772 + -Us + f4 - 2^8, 


Ae 


= Vl +V2+V3 + V4 + V5 -Vg 


At 


= V1+V2+ + V4 + V5+VQ 



as it follows from (2) and (3). As Ei is simply-laced, the geometry of the weight system is summarized 
by the relations (Aj, Xj) = A~^^ . The Weyl vector is 

1 ^ 1 

p = - ^ a = ^ Aj = -(34ai + 49a2 + 6603 + 96q;4 + 75a5 + 52a6 + 27a7), 
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Vit 


X^Uoll/lVtJ lOUl/O 


1 


«!, c^s, Ci4, ^5; cte, Ct7 


2 


tti + as, 03 + 04, a4 + a5, + oq, 02 + 04, ae + a? 


3 


ai + 0:3 + 0:4, CCS + q;4 + as, 04 + as + ae, a2 + as + 04, a2 + 04 + as, as + ae + 


4 


ai + as + a4 + as, as + 04 + as + ae, ai + a2 + as + 04, a2 + as + 04 + as, 

a2 + a4 + as + ag, 04 + 05+00+07 


5 


ai + 03 + 04 + 05 + og, Ol + 02 + 03 + 04 + 05, 02 + 03 + 204 + 05, 
a2 + 03 + 04 + 05 + Og, 02 + 04 + 05 + Og + 07, 03 + 04 + 05 + Og + 07 


6 


Ol + 02 + os + 204 + Os, Ol + 02 + os + 04 + as + og, 02 + 03 + 204 + Os + Og, 

ai + 03 + 04 + 05 + Og + 07, 02 + 03 + 04 + 05 + Og + 07 


7 


Ol + 02 + 2O3 + 204 + 05, 02 + 03 + 204 + 2O5 + Og, Ol + 02 + 03 + 204 + Os + Og, 

Ol + 02 + OS + 04 + OS + Og + 07, 02 + OS + 204 + 05 + Og + 07 


8 


Ol + 02 + 203 + 204 + Os + Og, Ol + 02 + Os + 2a4 + 2as + og, 

Ol + 02 + 03 + 204 + 05 + Og + 07, 02 + 03 + 2O4 + 2O5 + Og + 07 


9 


Ol + 02 + 203 + 204 + 205 + Og, Ol + 02 + 03 + 204 + 205 + Og + 07, 
Ol + 02 + 203 + 204 + 05 + Og + 07, 02 + 03 + 204 + 205 + 2og + 07 


iU 


Ol + 02 + Os + 204 + 2os + 2og + 07, Ol + 02 + 203 + 204 + 2as + Og + 07, 

Ol + 02 + 203 + 004 + 205 + Og 


ii 


Ol + 2O2 + 2O3 + 0O4 + 2O5 + Og, Ol + O2 + 20s + 2O4 + ZOs + 20g + 07, 

Ol + 02 + 203 + 3o4 + 2os + Og + 07 


12 


Ol + 02 + 2os + 3o4 + 2os + 2og + 07, oi + 2o2 + 2os + 3o4 + 2os + og + 07 


13 


Ol + 02 + 2as + 3o4 + 3os + 2og + 07, oi + 2o2 + 2as + 3o4 + 2as + 2og + 07 


14 


Ol + 2o2 + 203 + 3o4 + 3o5 + 2og + 07 


15 


Ol + 2o2 + 203 + 4o4 + 3o5 + 2og + 07 


16 


Ol + 2o2 + 303 + 4o4 + 305 + 2og + 07 


17 


2ai + 2o2 + 3o:-j + In 1 + '.k\:, + 2n(i + 07 



Table 1: Heights of positive roots of £'7. 



and has lenght \p\ = v798/2. The Weyl formula for dimensions applied to the irreducible representation 
associated to the integral dominant weight /x = X^J=i mjAj gives 

Him 7? = n ("'^ + ^) = - 

^ XX 26. 36. 46. 56. 65 -84. 103 -113 -122. 132. 14 -15 -16 -17' 

aen+ ^ ' '^^ 

where P is a product extended to the set of positive roots in which the root o = YI=i cti contributes 
with a factor ht(a)+X^J^i '^i "^ii where ht(a) is the height of o. In particular, for the basic representations 
R\^,, one finds: 

dimi^Ai = 133, dimi^^a = 912, 

dimi?A3 = 8645, dimRx^ = 365750, 
dimi?A5 = 27664, dimi^Ae = 1539, 
dimi?A7 = 56. 

All the irreducible representations are self-adjoint; Rx^ is the adjoint representation and Rx^, the funda- 
mental one. 
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3 The trigonometric Calogero-Sutherland model associated to a root 
system 



First of all, we review briefly the general theory of the quantum trigonometric Calogero-Sutherland model 
related to a root system TZ associated to a simple Lie algebra L of rank r, and later study explicity the 

case. For Calogero-Sutherland systems other than trigonometric see [10]; see also [25]. 

The trigonometric Calogero-Sutherland model related to the root system TZ of rank r is the quantum 
system in an Euclidean space R'' defined by the standard Hamiltonian operator 

1 

H=-Y,p'j+ i^a(.Ka - I) sin-'^ {a, q), (5) 

j=l ae'IZ+ 

where q = (qj) is a cartesian coordinate system and pj = —idq^; TZ'^ is the set of the positive roots of L, 
and the coupling constants Kq, are such that Ka = n/3 if \a\ = We will restrict ourselves to the case 
of simply-laced root systems (as the £^-series is), for which the Calogero-Sutherland model depends only 
on one coupling constant k. 

Although the Hamiltonian (5) is defined in all R'', the configuration space is confined by the singu- 
larities (infinite walls) (a, q) = 0. If the ^-coordinates are assumed to take values in the [0, tt] interval, H 
can be interpreted as describing the dynamics of a system of r unit mass particles moving on the circle 
with interaction V{q) = k{k — l)Y^^sm~'^{a,q), but notice that there is not translational invariance. 
The wave functions have to be 7r-periodic. 

The main problem is to find the stationary states, i.e., to solve the Schrodinger eigenvalue problem 
H'^ = E^. The following important facts about this family of quantum mechanical systems were well 
estabhshed in [6, 10]. 

(a) They are integrable, and moreover they are exactly solvable. The configuration space is confined 
to the Weyl alcove Kw = {<? G R** | < {a,q) < tt}. 

(b) The ground state energy and (non-normalized) wave function are 

Eq{k) = 2p'^K^ 

= n sin''(a,g), 

while the excited states are indexed by the highest weights ji = ^ruiXi G (P"*" is the cone of 
dominant weights) of the irreducible representations of L, that is, by the r-tuple of non-negative integers 
m = (mi, . . . ,mr) (the quantum numbers), and the wave functions satisfy 

E^{k) = 2{fl + Kp,fl + Kp). (6) 

(c) It is natural to look for the solutions in the form 

= nm^M, (7) 

and consequently we are led to the eigenvalue problem 

A^^^^ = s^{kW^, (8) 
where A*^ is the linear differential operator 

^" = -^E^<J -'^ E cot(«,g)(«,V,), (9) 
i=i aen+ 
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and the eigenvalues £m('«) are the energies over the ground level, i.e., 

e^{K) = E^{k) - Eo{k) = 2(/x,/x + 2acp). (10) 
Taking into account that (Aj, Afc) = Ajj^, it is possible to give a more explicit expression for the eigenvalues 

r r 

em(K) = 2 J2 ^Jk^j^k + 4k ^ Ajf^nij. (11) 

j,k=l j,k=l 

U) 

We will write £j{K) for the fundamental weigth Aj, i.e., for the quantum numbers (0, . . . , 1 , . . . , 0) 

(d)In the case k = the wave functions (8) are (proportional to) the monomial symmetric functions 

Mx{q) = e2*('"-^'9), A G P+ , (12) 
wew 

W being the Weyl group of L. And the wave functions in the case k = 1 are (proportional to) the 
characters of the irreducible representations 

= TJ\n..,,) ^ ^^P^- (13) 

E«;ew(detw;)e^H«' p,'1) 

Both Mx and X\ sums over the orbit of A under W, and consequently, M^-invariant; as wave func- 
tions, they represent superpositions of plane waves whose momenta are consistent with the required 
TT-periodicity. 

(d)Due to the Weyl symmetry of the Hamiltonian, the wave functions ^mio) t^-invariant, and 
the best way to solve the eigenvalue problem (8) is to use the set of independent T^-invariant variables 
Zk = XAfel^)) terms of which the wave functions <I>J^ are polynomials. 

Unfortunately, the expression of these characters in terms of the g-variables is complicated and 
makes the direct change of variables z = z{q) very cumbersome. We are thus forced to follow a much 
more convenient, indirect route, which has proven to be useful for other root systems, [20, 21]. 

To this goal, the starting point is to write the operator A'*^ in the z-variables: 

A« = J2^jk{^)d.A. + E [&°(^) + >'b]{z)\ d,., (14) 

j,k 3 

with fljfc = ajtj. Now, if we take into account the fact that, as pointed above, h^j{z) + fej(-z) = ^^Zj = 
ej{l)zj, the full expression for the coefficients bj{q) = b^{z) + bj{z) appearing in is completely deter- 
mined by the Cartan matrix of the algebra; explicitly 

bjiz) = 2(AT/ + 2j2A^})zj, j = l,...,r. (15) 
k 

On the other hand, in order to find the coefficients ajk we will relay on the quadratic Clebsh-Gordan 
series 

Rx,^Rx,= E N^;jkRf., (16) 

where Qjk C is the set of dominant weights in the irreducible representation of highest weight 
+ ^kj and Nx-jk is the multiplicity of the irreducible representation Rx in that series; in particular, 
Nxj+Xk;jk = 1- In these expressions we will write m or (mi, . . . , m^) instead of = X^jmjAj. The 
Clebsh-Gordan series (16) yield the formulas 

^j^k= E ^m;jfeXm(^) (17) 

meQjk 
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for the products of fundamental characters ZjZk, and consequently we obtain the coefficients ajk by 
applying the operator to the two members of (17): 

2ajk{z) = ^m;jfe£m(l)Xm(^) " bj{z)zk - bk{z)zj, j,k = l,...,r. (18) 

Therefore, to accomplish the task of fixing the form of the cocfficcnts aj^ we need the list of all 
the quadratic Clebsh-Gordan series, the explicit expressions of the characters entering in them, and the 
coefficients bj. Although there are some results for already available in the literature [22, 26], most 
of the required Clebsch-Gordan series and characters remain, to our knowledge, to be calculated. 

The remaining step to achieve the complete expression of A'' is to look for the coefficients b^{z). These 
can be found if we know enough monomial symmetric functions M\ in terms of the z-variables. Suppose 
that the relations Mj. = Mk{z) are known, where Mj. = Mx^,k = l,...,r; then, from the eigenvalue 
equation A°Mjt = ek{0)Mk we obtain the following linear system for the 6°'s: 

This system has a unique solution (b^) because each of the sets of characters and monomial symmetric 
functions constitutes a basis of W^-invariant functions. 

Recently [27] we have sound how to find the functions Mk{z) in the Eq case. In the present paper we 
will study only the case k = 1 and consequently we do not need to calculate the 6'^-coefficients now. 



4 The quadratic Clebsh-Gordan series for 

We have developed a systematic strategy, entirely based in a few elementary facts, to obtain all quantities 
needed for application of the formula (18). This strategy, which is essentially the same used in the previous 
paper [21] for the case of Eq, was described there in full detail, so we will confine ourselves here to mention 
some very general but important points. First of all, the series should be computed starting from those 
involving the most external dots of the Dynkin diagram, and going gradually towards the center of it. This 
is the order that allows the most efficient use of the orthogonality relations. Second, the orthogonality 
relations should be used not only to fix the multiplicity of some of the weights of lower height, but also 
to determine linear equations among the multiplicities of several weights of intermediate height. While 
for Eq this is not of great importance, for the more complicated case of E^ an extensive use of such linear 
constraints is required. This constraints, along with the bounds on multiplicities established in [28], make 
it posible to write a system of diophantine equations with unique solution for these multiplicities. Finally, 
once all the series are found, the inversion of them to obtain the second-order characters appearing in 
(18) requires the computation of many other characters of third, fourth and fifth order. The best way to 
perform these computations is as follows. Starting from the outer region of the Dynkin diagram, we build 
in each step the part of the A^ operator which only requires the characters that we already know. Then, 
we can use one of the the procedures described in Section 5 below to compute the characters needed to 
obtain the next coefficient through (18), and so on. This is possible because (18) gives each coefficient 
aij{z) in terms of characters associated to weights whose height is lower or equal than Aj + Xj. 
By means of these techniques, one finally arrives to the following list of Clebsch-Gordan series: 



Rxi ® Rx2 = Rxi+X2 ffi Rxt ffi Rx2 ffi -^Ai+At © Rx^, 

Rxi ® -^As = -^Ai+A3 ® RX4 ® -^Ai © -^Ae © Rxs © -^2Ai © -^Ai+Ae © Rx2+X7^ 
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2+A6 ® -^As+Ae ® -RA1+A2+A7 ® -RA5+A7 ® -^2A2 ® -^Ai+As ® -f^A4 ® -^Ai+Ae 

ffi -RA2+A7 © -^Aa, 

-Rai © Rx, = RXr+X, © -RA2+A6 © RX2 © ^A5 © ^Ai+A2 © Rx^+Xr © -RA3+A7 © ^A6+A7 

Rxi © -Rag = -Rai+Ag ©^A 2+A7 © Rxs © -^Ae © -R2A7 © -^Ai 

RXi © -Ra7 = ^Ai+A7 © -Ra2 © -RA7 

-Ra2 © -Ra2 = ^2A2 © ^Ai © ^2A7 © RXe © ^2Ai © Rx-, © i?A2+A7 © ^Ai+A,; © i?A4 © 1 

RX2 © RXs = RX2+X3 © -^Ai+As © -Ra2 © RXs © RX7 © -RA2+A6 © -RA3+A7 © -RA6+A7 © 2-Rai+A7 

© ^Rxi+X2 © -R2A1+A7 

RX2 © RX4 = RX2+X4 © RX3+X5 © -RA1+A2+A6 © -R2A2+A7 © -RA1+A3+A7 © -^As+Ae © -RA4+A7 © -RA1+A6+A7 

© -R2A1+A2 © 2-Ra2+A3 © -f^A2+2A7 © 2-Rai+Ab ® -R2A1+A7 ® 2-Ra2+A6 ® 2-RA3+A7 

© ^RXl+X2 ® -f^A6+A7 ® -^Ab ® -RA1+A7 ® RX2 

RX2 <^ RX5 = Rx2+Xb ® -RA3+A6 ® -R2A6 ® -RA1+A2+A7 ® -R2A2 ® -RA1+A3 ® -RA6+A7 ® -f^A4 ® -RA1+2A7 

i+Ae ® 2-Ra2+A7 ® -R2A7 ® -R2A1 ® -Ra3 ® -^Ae ® -^Ai 

RX2 <^ -^Ae = RXr ® -RA2 © 2-Rai+A7 © RX5 ® -RA6+A7 ® -RA1+A2 ® -RA3+A7 ®Rx 2+ As 

Rx2<^RXr = i?A2+A7 © -Rai © -Ras © -Ras 

i?A3 © -Ra3 = ^2A3 © -RA1+A4 © -RA2+A5 © -R2A1+A6 © RXi+Xe © 2i?Ai+A2+A7 © -R2A6 © ^A5+A7 © R3X1 

© i?2A2 © 2iiAi+A3 © i?Ai+2A7 © 2ii;A4 © ^i^Ai+Ae © '^R2Xi © 2ii:A2+A7 © ^2A7 © 2ii:A3 

© 2i?A6 © i?Ai © 1 

RX3 © ^A4 = ^A3+A4 © -RA1+A2+A5 © ^2A2+A(i © ^Ai+A3+A6 © ^2A5 © -RA4+A6 

© -R2A1+A2+A7 © -Rai+2A6 © 2i2A2+A3+A7 © 2i?Ai+A5+A7 © -R2A1+A3 © -R2A1+2A7 

® 2il!Ai+2A2 © -R2A3 © 3-Rai+A4 © 2-RA2+A6+A7 © 2-R2A1+A6 © 3-RA2+A5 © -RA3+2A7 © 4-Ra3+A6 

® -RA6+2A7 ® 5-RA1+A2+A7 ® -R2A6 ® 2-R2A2 ® 3-Ra6+A7 ® R3X1 ® 3-Rai+A3 ® 2-Raih-2A7 ® 3-Ra4 

i+Ae ® -R2A1 ® 3-Ra2+A7 ® -R2A7 ® 2-Ra3 ® -^Ae ® -^Ai 

-Ra3 © RX5 = RX3+X5 ® -RA1+A2+A6 ® -R2A2+A7 ® -RA1+A3+A7 ® -^As+Ae ® -RA4+A7 ® 2-Rai+A6+A7 

® -R2A1+A2 ® -RA2+2A7 ® 2-RA2+A3 ® 2-Rai+Ab ® -R3A7 ® 2-R2A1+A7 ® 3-Ra2+A6 ® 3-RA3+A7 

© 3ii:Ai+A2 © 2i?A6+A7 ® 2i?A5 ® 3ii:Ai+A7 ® ^A2 ® RXr 

RX3 © ^Ae = ^Aa+Ae © ^Ai+A2+A7 © ^2A2 © ^Ai+A3 ® ^A5+A7 ® -RA4 ® -RA1+2A7 ® 2i?Ai+A6 ® 2i2A2+A7 

© i?2Ai © i?2A7 © 2i?A3 © Rxe © Rxi 

RX3 © -Ra7 = ^A3+A7 © -RA1+A7 © -RA1+A2 © -Ra2 © RXs 

RXa © -Ra4 = -R2A4 © -RA2+A3+A5 © -R2A3+A6 © -RA1+2A5 © -RA1+2A2+A6 © ^3A2+A7 © -RA1+A4+A6 

© 2i?Ai+A2+A3+A7 © 2i?A2+A5+A6 © 2i?A2+A4+A7 © -R2A1+2A6 © -R2A1+2A2 © -RA3+2A6 

© ^2Ai+A5+A7 © 3-RA3+A5+A7 © ^Ai+2A3 © 2i?2Ai+A4 © 4i2Ai+A2+A6+A7 © -^SAe © 3i?2A2+A3 

© -R3A1+2A7 © 2-RA5+A6+A7 © 2-R2A2+2A7 © 2-Rai+A3+2A7 © 3-RA3+A4 © 6-RA1+A2+A5 

® 4i?2A2+A6 ® 2-Ra4+2A7 ® 3-Rai+A6+2A7 ® -R3A1+A6 ® 2-R2AB ® S-^Ai+As+Ae ® 6-R2A1+A2+A7 

® 7i?A4+A6 ® -R4A1 ® -RA2+3A7 ® 4-Rai+2A6 ® 9-RA2+A3+A7 ® 9-Rai+A6+A7 ® 3-R2A1+A3 

© 6ii:Ai+2A2 ® 4ii:2Ai+2A7 ® 4i?2A3 ® 8^A2+A6+A7 ® 6ii:A3+2A7 ® 8ii:Ai+A4 ® 8ii:A2+A5 

© 8ii:2Ai+A6 ® ^4A7 ® 3i?A6+2A7 ® 2i?3Ai ® Qi^As+Ae ® 4ii:2A6 ® 12i?Ai+A2+A7 ® 6i?Ai+A3 

© 3ii:2A2 ® 7i?A5+A7 ® 7i2A4 ® 6i?Ai+2A7 ® 7ii:Ai+A6 ® 5ii:A2+A7 ® 2i22A7 ® 3^2Ai ® 3ii:A3 

© 3i?A6 ® i?Ai ® 1 
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RXi <^ RXs = -^A4+A5 ® -^A2+A3+A6 ® -RAi+As+As ® -R2A3+A7 ® -RA1+2A2+A7 ® -RA1+A4+A7 ® -RA2+2A6 

© 2i?A2+A5+A7 © 2i?Ai+A2+A3 © -R2A1+A6+A7 © ^3X2 © 2-RA3+A6+A7 © 2-Ra2+A4 

© -R2A1+A5 © 3i?A3+A5 © 2i?Ai+A2+2A7 © 5i2Ai+A2+A6 © -R2A6+A7 © -RA5+2A7 © -R3A1+A7 

© 4i?Ai+A3+A7 © S-Ras+Ab © 3i?2A2+A7 © 5i?A4+A7 © 3i22Ai+A2 © 5i?A2+A3 © -RA1+3A7 

e 5i?Ai+A6+A7 © 5i?Ai+A5 © 3i?A2+2A7 © 5i?A2+A6 © 4i?2Ai+A7 © 5-Ra3+A7 © 4i?Ai+A2 © -R3A7 

© 3i?A6+A7 © 3i?A5 © 3-RA1+A7 © R\2 © ^A7 

R\4 © -^Ae = -RA4+A6 © -RA2+A3+A7 © -R2A3 © -RA1+A5+A7 © -RA2+A6+A7 © ^Ai+2A2 © ^Ai+A4 © -RA3+2A7 

© 2il!A2+A5 © -R2A1+A6 © 2-Ra3+A6 © 3-RA1+A2+A7 © -R2A6 © 2i2A5+A7 © -R2A2 © -RA1+2A7 

© ^R\i+X3 © 3-Ra4 © 2-Rai+A6 © 2-Ra2+A7 © -^2Ai © R\3 © ^Ae 

<^ -Ra7 = -^A4+A7 © -RA2+A3 ® -^Ai+Ab © -RA2+A6 ® -^A3+A7 © -RA1+A2 © R-Xb 

RX5 ® -^Ab = -^2Ab © -^A4+A6 © -^A2+A3+A7 © -RAi+2A6 © -^2A3 © -RA1+A6+A7 ® 2-Ra2+A6+A7 

© -RA1+2A2 ® -R2A1+2A7 ® -^Ai+A4 ® -RA3+2A7 ® 2-Ra2+Ab ® -R2A1+A6 ® 3-Ra3+A6 ® 4-RAi+A2+A7 

® -RA6+2A7 ® -^3Ai ® 2-R2A6 ® 3-Ra6+A7 ® 2-R2A2 ® 3-Rai+2A7 ® 2-Rai+A3 

3ii:A4 ® 4-Rai+A6 © 3i?A2+A7 © 2ii:2A7 © 2i?2Ai © 2ii:A3 © 2i?A6 © il^Ai © 1 

-RAb ® RXe = -^As+Ae © -RA4+A7 © -RA1+A6+A7 © -RA2+A3 © -RA2+2A7 © -^Ai+As 

© 2i?A2+A6 © -R2A1+A7 © 2i?A3+A7 © 2i?Ai+A2 © 2i?A6+A7 © 2i?A5 © 2ii;Ai+A7 © -RA2 © RXj 

Rx,(S)Rxr = i?A5+A7 © -Ra4 © -RAb © -Ra3 © -RAi+Ab © ^A2+A7 

RXe ® ^Ae = ^2A6 © ^A5+A7 © ^Ai © RXs © Rx^ © 2i2A6 © ^2Ai © R2Xv © ^Ai+Ae © 2i?A2+A7 

© i?Ai+2A7©l 

Rxa © -Ra7 = -RA6+A7 © -^As © -RA1+A7 © -^A2 © -^A7 

^A7 © ^A7 = ^2A7 ® ^Ai © ^Ae © 1 



We present also a list of second order characters: 



X2000000 






Z3- Zq- Zi-1 


X 1100000 




Z1Z2 


- Z5- ZiZ7 


XlOlOOOO 




Z1Z3 


- Z4- Z\Z% - zj + z'y + Z3 


XlOOlOOO 




Z1Z4 


- Z2Z5 + zl - z^z-j + z\z^ - Z2Z-J - Z7 + ze + Zl 


XlOOOlOO 




Z1Z5 


- Z2Z6 + Z1Z7 - Z2 


XlOOOOlO 




ZlZQ 


- Z2Z7 - Zj + Zg + Zi + 1 


X 1000001 




ZIZ7 


- Z2- Z7 


X0200000 




zl- 


Zi - ZlZQ - zf + Z3 + Zq + Zl 


Xoiioooo 




Z2Z3 


— Z1Z5 — zfzj + Z3Z7 + ZQZr + Z1Z7 


Xoioiooo 




Z2Zi 


- Z3Z5 + Z1Z6Z7 - Z2Z7 - Z1Z5 + 222:6 - Z6Z7 + Z5 + Z2 


XoiOOlOO 




Z2Z5 


- Z3Z6 - Zq+ Z5Z7 + Z1Z7 - ZlZQ - Zq- Zl 


XoiOOOlO 




Z2Ze 


- Z3Z7 - ZqZ7 + Z5 + Z2 


Xoiooool 




Z2Z7 


- Z3- Zq- Zl 


X0020000 




4- 


Z1Z4 - zjzQ + Z3ZQ + Z5Z7 - zf + 2ziZ3 + ZlZj - Z4 + Z3+ Zl 


Xooiiooo 




Z^Zi 


- Z1Z2Z5 + 2:42:6 + 21 2I + 2^26 - 2326 — 2627 — 2l2227 + 2^ + 2527 




+ 


zz - 


1 
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XoOlOlOO = -2^3-^5 - Z1Z2Z6 + Z4Z7 + Z1ZQZ7 + Z2Zy - Zj + zfzj - Z2ZQ - Z2,Z7 - Z1Z2 + ZqZ-j - Z^ - Z1Z7 

- Z2 + ZY 

Xooioolo = Z3ZQ - ZIZ2Z7 + Zi + Z1Z6 + Z2Zr + zl- Z3- Zi 

XoOlOOOl = 2:327 - ZiZ2 + Z7 

X0OO2OOO = 4 - Z2Z3Z5 + Z1Z4ZQ + Z3zl + zfz^ZY - 2Z3Z5Z7 - - Z1ZQZ7 - zl + 2zaZq + Zizl 

- ZiZ^Zj + Z2Z^ + Zj - 2zqZy + zl + 2Z4 + ZiZq - 2Zj + 2Z6 + 1 

XoOOllOO = ^4^5 - Z2Z3Z6 + Z1Z4Z7 + zfzQZj - Z3Z5 - Z5ZQ - ZiZ^ ~ Z^Zj - Z1Z5 + zf - ZqZj + ZiZy - Z7 

XoOOlOlO = Z4ZQ - Z2Z3Z7 + zfz7 + - Z3Z7 + Z3ZQ - Z5Z7 - 2ziZj + Z4 + ZiZQ - Z7 + Zq + Zi + l 

XoOOlOOl = ^4.Z7 - Z2Z3 + ^12:7 - ^32:7 - Z^- Z1Z7 - Z7 

X0OOO2OO = Z4:Z6 - Zizl + Z1ZZZ7 + Z3Z7 - Z3Z6 + Z6Z7 - Z^- Z4- ZiZe + Z7- Z3-2Z6-1 

XOOOOIIO = ^5Z6 - Z4Z7 - Z1ZQZ7 + ZiZ^ + Z^ + Z3Z7 - ZqZ7 + Z5 - Z7 

XOOOOIOI = 25^7 - Z4- ZiZQ + Z7 - Zq-1 

X0OOOO2O = 4- Z5Z7 - Z1Z7 + ZiZ6 + Z3 + Z6 + Z1 

XOOOOOII = ^6Z7 - Z5- Z1Z7 

_ 2 1 
X0OOOOO2 — Z7 — Zq — Zi — I 

5 The Calogero-Sutherland Hamiltonian in E'j. Some applications 

The coefficients hj{z) in tfie expression of are easily obtained from (15) and (2): 

hi{z) = 72zi; h2{z) = 105^2; h3{z) = lUzi; b^iz) = 216^4; 
b5{z) = 165z5; beiz) = ll2z^; 67(2) = 57^7 . 

After having computed in Section 4 the necessary series and characters, we can now fohow the hnes 
indicated in Section 3 to obtain the Hamiltonian operator in the limit k = 1 . The result for the coefficients 
ajk{z) in (14) for k = 1 is 

011(2;) = 4{-l9 - 10 zi + zf - Z3 - 5 ze) 

ai2{z) = 2{—7z2 + 2ziZ2 — 5z5 — 19z7 — 13ziZ7) 

013(2) = 2(10 - 1421 - 19 zi + 13 23 + 3 21 - 3 24 - 426 - 9 21 26 - 6 22-^7 + 92:7) 

014(2;) = 2(-10 - 221 + I821 - - 2423 - 621 23 + 1424 + 421 24 - 422 25 + 826 + 1221 26 

— 4 23 26 + 4 2I — 14 22 27 — 5 2i 22 27 — 9 25 27 — 9 27 + 9 2i 27) 

015(2;) = 2(— 12 22 — 621 22 + 825 + 3 21 25 — 5 22 26 + 1927 + 521 27 — 52327 — 13 26 27) 

016(2) = 4(9 - 321 - 3 23 + 2 26 + 21 26 — 3 22 27 — 9 27) 

017(2) = 2(-7 22 - 1927 + 2i 27) 

022(2) = -40 + 24 21 - 36 2? + 7 2I + 24 23 - 4 24 + 44 26 - 16 21 26 - 12 22 27- 36 2^ 

023 (z) = 2(9 22 - 14 21 22 + 4 22 23 + 16 25 - 4 21 25 - 5 22 26 + 4 21 27 - 12 2^ 27 + 7 23 27 - 26 27) 

024(2) = 2(-7 22 - 4 21 22 - 6 2^ 22 - 22 23 + 6 22 24 + 20 25 - 6 21 25 - 3 23 25 + 14 22 26 - 4 21 22 26 

— 5 25 26 — 10 2i 27 + 22 2i 27 — 6 Z2 27 — 12 23 27 — 5 2i 23 27 + 12 24 27 

— 10 26 27 + 13 2i 26 27 — 9 22 Z7) 

025(2) = 40- 2421 + 122i - 142^ + 1223 - 122123 + 2824 + 92225 + 1626 - 122126 
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— 8z3Ze — 2AzQ + 12 Z2 zr — 10 zi zi zj + 14z5 Z7 — 2zj — 2 zi Zj 

a.2&{z) = 2(17z2 - 6zi Z2 + 825 + 82:2 -ze — 24^1 Z7 — 5^3 — ISze 2:7) 

^27 (-2) = — 48 zi — 12 23 — 28 Z6 + 3 ^2 -Z7 

033(-2) = 4(— 20 + 16 zi — 5 — 9 zj* + 8 Z3 + 12 zi Z3 + 3 z| — 7 Z4 — zi Z4 — 2 22 Z5 — 9 Z6 

+ -3 Zi Z6 - 4 Z6 + 2 Z3 - 3 z| + 6 Z2 ^7 - 6 Zi Z2 -^7 + 8 2:5 + + 7 Zi Zj ) 

034(2) = 2(-20 - 12 21 - 6 2? + 6 + 9 z| - 7 zi 2I + 20 23 + 6 21 23 - 6 z? Z3 + 6 z| - 26 Z4 + 6 zi Z4 

+ 8 Z3 Z4 + 2 Z2 Z5 — 3 zi Z2 Z5 — 5 z| — 2 ze — 32 zi zg + 20 zf zg — 5 z| zg — 24 Z3 zg — 4 zi 23 zg 

+ 10 Z4 zg + 4 z| + 4 zi z| - 3 Z2 Z7 - 2 zi Z2 Z7 - 5 zl 22 Z7 - Z2 Z3 Z7 + 15 Z5 Z7 + 4 Z2 zg Z7 

+ 202;y-52;iZ7 + 5ziZ7 + 9z32;y-9z62;7) 

035(2) = 2(— Z2 + Zl 22 — 6 z\ Z2 — Z2 Z3 — 22 Z5 + 15 Zl + 6 Z3 Z5 — 15 Z2 -Zg — 4 Zl Z2 Zg — 5 Z5 Zg 

+ 18 2:7 — 5 Zl Z7 + 11 z^ Z7 — 6 Z7 — 6 Z3 Z7 — 5 Zl 2:3 Z7 + 12 Z4 2:7 + 45 zg 27 — 8 zi zg Z7 

+ 12z2zf-18zf) 

= 2(20 + 6 Zl — 7 z| — 18 Z3 — 6 Zl Z3 + 14 Z4 + 20 Zg + 6 Zl Zg + 4 Z3 Zg + 6 Z2 Z7 — 5 Zl Z2 Z7 

— 5 Z5 Z7 — Z7 — 13 Zl Z7) 

037(-2) = 2(-7z2 - 6zi Z2 - 5Z5 + 19Z7 - 13zi Z7 + 2Z3 Z7) 

a44(z) = 4(-10 - 16zi + 8zi - 6zf - 4z| - 16 Z3 + 24ziZ3 - 4z|z3 - 12 z| + 8Z4 - I6Z1Z4 -Azjzi 

+ 8 Z3Z4 + 6 Z4 + 11 Z2Z5 + 2 Z1Z2Z5 — Z2Z3Z5 — 12 Z5 — 2 Z1Z5 + 4 Zg — 4 zizg — 14 Z;^zg + 4 ZiZg 

+ 3z2Zg — 2ziZ2Zg — 4z3Zg — 8ziZ3Zg — 2z3Zg + 6 Z4ZQ + 4ziZ4Zg — 3z2Z5Zg — 2Zg + 4ziZg 

+ 4Z3Z| - 2z| + Z2Z7 + Z1Z2Z7 + 9zfz2Z7 - 3z|z7 - 8Z2Z3Z7 - 3Z1Z2Z3Z7 + 9Z2Z4Z7 - 2IZ5Z7 

+ 6Z1Z5Z7 + 4Z]^Z5Z7 — 9Z3Z5Z7 — 6Z2ZgZ7 + 7ziZ2ZgZ7 + 9Z5ZgZ7 — 9Z7 + I7Z1Z7 — 3Zj^Z7 

— 2 z^Zy + 9 ziZ3Zy — 9 Z4Z7 + 9 zgZy — 9 ziZgz^) 

aA5{z) = 2(9 Z2 — 7zi Z2 + 13 z^ Z2 — 7z| — 12 Z2 Z3 — 7zi Z2 Z3 + 21 Z2 Z4 — 28z5 — 7zi Z5 + 7 zf Z5 

— 13 Z3 Z5 + 9 Z4 Z5 — 3 Z2 Zg + 7 Zl Z2 Zg — 3 Z2 Z3 Zg — 19 Z5 Zg — 4 zi z^z^ — b Z2 z| + 21 zi Z7 

o n n n 

— 24 Zl Z7 + 6 Zl Z7 + 7 Z2 Z7 — 5 Zl Z2 Z7 + 14 Z3 Z7 — zi Z3 Z7 — 5 Z3 Z7 — 19 Z4 Z7 + 10 zi Z4 Z7 

— Z2 Z5 Z7 + 10 Zl Zg Z7 + 4 z-y Zg Z7 + 5 Zg 27 - 2 Z2 Z7 + 4 zi Z2 Z7 + 9 Z5 Z7 — 9 zi Z7) 
a4g(z) = 2(20 + 12zi - 18zi + 12zi + 7z| - 6Z1Z2 + 12z3 - 24zi Z3 - 6z| + 2z4 

+ 12 Zl Z4 — Z2 Z5 + 2 Zg + 8 Zl Zg + 2 Zl Zg + 8 Z3 Zg + 6 Z4 Zg - 4 z| - 6 Z2 Z7 - zi Z2 Z7 

Q cy \ 

— 4 Z2 Z3 Z7 — 10 Z5 Z7 — 4 Zl Z5 Z7 — 5 Z2 Zg Z7 — 20 Zy + 2 Zl Z7 + 4 Z;^ Zy — 9 Z3 Zy + 9 zg Zy ) 
047(z) = 2(— 5 Z2 — 6 Zl Z2 — 5 Z2 Z3 — 19 Z5 — 4 Zl Z5 — 5 Z2 zg — 19 Z7 + 11 zi Z7 + 5 Zi Z7 — 10 Z3 Z7 

+ 3 Z4 Z7 + 9 Zg Z7) 

a55(z) = -60 + 48zi - 122^ - 12zi z| - 24z3 + 24zi Z3 - 12z| - 48 Z4 + 24zi Z4 + I2Z2Z5 

+ 15 z| - 52 Zg + 24 zf Zg - 48 Z3 zg - 4 Z4 zg - 48 Zg - 16 zi z| + 40 Z2 Z7 + 8 zi Z2 Z7 



— 8 Z2 Z3 Z7 + 20 Z5 Z7 + 8 Zl Z5 Z7 — 24 Z2 zg Z7 — 16 Z7 + 4 zi Z7 — 12 Zi Zy + 32 Z3 Z7 + 28 zg Z7 
dbeiz) = 2(7 Z2 — Zl Z2 — 5 Z2 Z3 + 8 Z5 + 5 Zl Z5 — 7 Z2 Zg + 5 Z5 Zg — 28 Z7 + 19 zi Z7 — 6 Zi Z7 

+ 11 Z3 Z7 — 3 Z4 Z7 — 17 Zg Z7 — 9 Zl Zg Z7 — 6 Z2 Z7 + 9 Z7) 

a57(z) = -20 + 12zi - 12z3 - 8z4 - 48zg - 20zizg - 12z2Z7 + 5Z5Z7 + 2OZ7 

(imiz) = 4(— 14 + 12 Zl — 6 Zl + 12 Z3 — 2 Z4 + 2 Zg + 2 z| — 7 Z2 Z7 — Z5 Z7 — 5 Z7 — 5 Zl zf) 

aeriz) = 2(— 7z2 — 3z5 — 19z7 — 11 zi Z7 + 2zg Z7) 

a77(z) = -60 - 24 Zl - 4 Zg + 3 Z7 
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With the exphcit expression of at our disposal, we can now try to use the Schrodinger equation as 
an efficient mean to compute particular characters of E^. Given that all these characters are polynomials 
in the z-variables, the Schrodinger equation can be solved by applying a systematic procedure, which is 
suitable to be implemented in a computer program able to carry out symbolic calculations. We propose 
two alternative methods to find the Schrodinger eigenfunctions: 

1. Given a weight u = J2i=i n^Aj G P~^, let us denote z"- (or z'^) the monomial = nl=i -2"'; thus 
Zi = z^*. The operator acting on 2;" gives 

AV = ^5^,„^"-'3 = e^(l)^-+ Sp^^z^-^, (20) 
/9eA o^/?eA 

where A only includes integral linear combinations of the simple roots with non-negative coefficients 
and, of course, in the exponent of (20) we express (3 in the basis of fundamental weights. The 
eigenfunctions Xm can be written as 

Xm = E ^A^""' = + E CxZ^~^, 

where again the A in are integral linear combinations of the simple roots with non-negative 
coefficients such that they do not give rise to negative powers of the z's. By substituting in the 
Schrodinger equation A^Xm = ^m(l)Xm find the iterative formula 

To use this formula in practice, one should take into account the heights of the A's involved, because 
each coefficient Cx can depend only on some of the Cy such that ht(z^) < ht(A). 



2. The Clebsch-Gordan series for the product HiLi -z^ ' reads 

\ 1 1 » 



^mi m2 ms rn4 mn me rn7 _ i \" 



Here it is not difficult, in each particular case, to elaborate a list with all the elements in 
(i.e., the integral dominant weights appearing in the series). Furthermore, the operator — en(l) 
annihilates the character Xn- Having this into account, we can make use of the simple- looking 
formula 

Xm={ n (A^-^m-Ml))}^™ 

to obtain the eigenfunctions. 

Through any of these methods, it is possible to compute the characters rather quickly. As an illustration, 
we offer a list of the third order characters in the Appendix A. 

Once we have a method for the computation of the characters, we can extend it to produce an 
algorithm for calculating the Clebsch-Gordan series. Suppose that we want to obtain the series for 
Xm ■ Xn- We list the possible dominant weights entering in the series arranged by heights 

Xm ■ Xn ~ Xm+n "I" -^/iiX//i "I" -^^2X1x2 "I" • ■ ■ 
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The multiplicity A^^^ is simply the difference between the coefficients of z^'^ in Xm ' Xn ™d in Xm+n- 
Then, N^,^ is the difference between the coefficient of in Xm ' Xn the sum of the corresponding 
coefficients in Xm+n ^'^d , and so on. As an example, we present in Appendix B a list with all the 
cubic Clebsch-Gordan series. 

The approach we are describing is also useful to find the general structure of the series for products 
of some specific types. Let us consider, for instance, scries of the type zjXuXt '^i^h arbitrary integer 
n > 0. The weights of the representation are given by the linear combinations ±{vi + Vj),i ^ j [22]. 
If we expand these weights in the basis of fundamental weights, we see that there are only four whose 
coefficients for all with i ^ 7 are non-negative: Ay, Xq — A7, Ai — Ay and —Ay. Hence, the form of the 
series should be 

2^7Xo,0,0,0,0,0,n = Xo,0,0,0,0,0,n+l + "Xo,0,0,0,0,l,n-l + ^Xl,0,0,0,0,0,n-1 + CXo,0,0,0,0,0,n-l) (^l) 

where we have to fix a, b and c. Now, by solving the Schrodinger equation by means of the first of the 
two methods described above, one finds 

Xo,o,o,o,o,o,n = + {1 - n)z6Z^-^ - ziz^-^ + . . . 

X:o,0,0,0,0,l,n-l = ^6^y ''" — ^l^y ''" + •■■ 

If we substitute this in (21), we can solve for a and b, obtaining a = b = 1. We can now fix c by adjusting 
dimensions in (21). This gives c = 1. 

We list below the series of the form zjXnXk obtained through the same procedure: 

^7Xn,0,0,0,0,0,0 = Xn,0,0,0,0,0,l + Xn-1, 1,0,0,0,0,0 + Xn-1,0,0,0,0,0,1 

^7Xo,n,0,0,0,0,0 = Xo,n,0,0,0,0,l + Xo,n-l, 1,0,0,0,0 + Xo,n-l,0,0,0,l,0 + Xl,n-1,0,0,0,0,0 

^7Xo,0,n,0,0,0,0 = Xo,0,n,0,0,0,l + Xl,l,n-1,0,0,0,0 + Xo,0,n-l,0,l,0,0 + Xl,0,n-l,0,0,0,l + Xo,l,n-l,0,0,0,0 

^7Xo,0,0,n,0,0,0 = Xo,0,0,n,0,0,l + Xo,l,l,n-l,0,0,0 + Xl,0,0,n-1, 1,0,0 + Xo,l,0,n-l,0,l,0 + Xo,0,l,n-l,0,0,l 

+ Xl,l,0,n-1,0,0,0 + Xo,0,0,n-l, 1,0,0 

^7Xo,0,0,0,n,0,0 = Xo,0,0,0,n,0,l + Xo,0,0,l,n-l,0,0 + Xl,0,0,0,n-l,l,0 + Xo,l,0,0,n-l,0,l + Xo,0,l,0,n-l,0,0 

+ X0,0,0,0,n-l,l,0 

^7Xo,0,0,0,0,n,0 = Xo,0,0,0,0,n,l + Xo,0,0,0,l,n-l,0 + Xl,0,0,0,0,n-l,l + Xo,l,0,0,0,n-l,0 + Xo,0,0,0,0,n-l,l 



6 Conclusions 

In this paper we have shown how the Calogero-Suthcrland Hamiltonian for the Lie algebra Ej can be 
used to compute both Clebsch-Gordan series and characters of that algebra. The treatment we have 
presented can be applied to the cases of other simple algebras. It can be also extended to deal with the 
system of orthogonal polynomials based on for general values of the parameter n. The way in which 
this should be done is the subject of a research now in progress and will be published elsewhere. 
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Appendix A: List of the characters of Ej of third order. 



X3000000 
X2100000 
X1200000 

X0300000 

X2010000 
Xiiioooo 

X0210000 

X1020000 

X0120000 

X0030000 



X2001000 
Xiioiooo 

X0201000 



= zf — 2ziZ3 + Z4 — zize — zf + Z2Z-J — Z3 — 2zi 

= zfz2 - Z2Z3 - Z1Z5 - zfz7 + ZqZ-j - Z^- Z2 

= Z1Z2 - Z1Z4 - Z2Z5 — zfze + z^zq + zl — Z1Z2Z7 — zf + 2z\Z2, - Z4 + 2ziZq + z\ — Z2Z'j 



+ 23 + ^6 + ^1 

- ' - - 2ziZ2Zq + Z5Z6 + Z1Z3Z7 - Z4Z7 -2zlz2 + 2z2Z3 + Z1Z5 + Z2Z6 

- 7.-I 7,1 



= Z2- 2Z2Z4 + Z3Z5 
+ Z3Z7 + Z1Z2 + Z6Z7 + Z\Z7 



2 2 
= ^1^3-23 



Z\Z4 - zfzQ + ^225 
= -^1-^22:3 - Z2Z4 
+ Z5 + Z1Z7 
= Z2Z3 - Z3Z4 - Z1Z2Z5 



Z3Z6 



— zjz5 + Z^Zq - zfz7 + Z1Z3Z7 - Z4Z7 + ZiZeZ7 



+ Z1Z2Z7 - zf + Z1Z7 - Z2Z7 - Zj + Z6 + Zi + 1 

■ "■ ' + Z1Z5 - Z2ZQ + zfz7 - ZqZ7 



+ ^52:7 + Ziz'^ — ZiZq + Z2Z7 — Z3 — Zq — Zi 

■lz4 — Z3Z4 + Z1Z2Z5 — zfzQ + zlz2Z7 — zf — Z2Z3Z7 + zfz^ + Z1Z5Z7 + Z^ + zfz^ 
- Z1Z4 + Z3ZQ — Z\Z2Z7 + 2212:3 — Z^Z7 — Z1Z7 + Z4 + 2ziZ6 + 2zl 

n on n 



+ Z^ — Z4ZQ — z\z2Z7 + 22-^3-27 + ZiZr,Z7 — Z1Z4 + Z2Z5 + Z1Z2Z7 — 



zizl 



— ^1^3 ^1^41 '-J''* I ^I'^z^o ^i^D I ^i^z^r ^ 

— Z2ZQZ7 — Z1Z4 + Z3ZQ — Z\Z2Z7 + 2212:3 — 2:527 — 2:12:7 
= 2:22:! — 2:12:22:4 — 2:12:32:5 + 2:42:5 — 2:12327 + 2125-^6 + z\z7 

— Z^Z^ - 212226 - 2526 + 212327 + 2I27 + 2227 - 2125 - 22226 + 2327 - 2i22 + 2627 — 25 — 22 



2226 



:6 + 222527 + 232627 + 2i25 



^l^z^b ^o^b ~ ^i^3^Y ~ '^2^' ~ '^z^Y ^i'^o ^^z^b ~ ■^6^1 ^i^z 1 ^b^Y 
2212324 + 2I + 2^2225 - 222325 - 22^2325 + 22I26 + 2i2i26 - 222526 + 23 2g 
'2227 - 22i23 - 221222327 + 222427 + 232527 - 21222627 + 42i2| + 2i24 - 82324 
2327 - 212225 + 252627 - 2I - 2427 + 2212326 - 2^2227 + 2^26 - 2426 - 212527 - 2i27 
- 2124 - 2225 + 22326 + 262^ - 212227 + 22123 + 2127 + 24 



+ 

+ Zl 

+ 2i23 + 22I + 2327 
2 



+ 21 26 + 2^- 23 - 26 - 21 
= 2i24 — 2324 — 212225 + 25 + 2I26 — 22426 — 222627 + 2327 — 2124 + 2225 — 22i2227 
+ 2527 + 2I — 24 + 21 26 + 2i + 2227 + 27 — 23 — 26 — 21 — 1 

= 212224 - 212325 - 2I25 + 222326 + 212526 - 212427 + 222I - 222527 - 212227 - 2I27 + 2i25 
+ 2127 + 2526 — 2427 — 3212627 + 27 + 22125 + 22226 — 2527 + 2i22 + 25 



- 2325 + 212226 

- 2127 - 27 

= 2^24 - 2I - 222325 + 2I26 + 21 2I - 2212426 - 2i2| + 232I + 212527 - 232527 

+ 21222627 - 2^27 - 252627 + 2324 - 2i2225 - 212327 + Z^ + Z^Zq + 2427 - 2i26 + 22i2326 

+ 2i2227 + 21262^ - 2i2| - 212^ + 2127 + 2i24 + 2225 — 2327 — 2627 - 2^26 + 22326 + 2^ 

, ^ ^ , ^2 2 ^ ^2 , „ , ^ , ^ 



■ zlz4 



' - Z4- zl + Z3 + Zq + Zl 



+ 2527 + 22 - 2127 

zlz2Z5 + 212^26 + 2i2| - 212425 - 222427 + 212527 - 22i 222527 - 2i24 



XlOllOOO ~ 212324 — 2| — ^1^2^5 "T ^1^2^<i ^ ^1^5 ~ ^l'^4^6 — ^2^4^7 - ■ . - „ . , . 

+ 2324 - 252527 + 212327 + 212225 - 2212227 + 2427 + 2I + 222^ + 212527 + 2127 + 221 2I 

- 232! + 2123 - 24 - 21 26 - 2227 -21+23 

= -^2-2324 - z'^Z5 - Z1Z2Z5 + 21222326 + 222I + 2i2526 - 232525 - 2i2427 - 2525 + 21222527 

— zfzQZ7 + 21232527 + 22^25 — 4212325 — 222327 + 22425 + 222326 + 2i27 — 2212525 + 212427 
■ - 2i25 - 2325 - 2525 - 2127 + 2223 + 212527 - 82125 - 2i27 + 2127 
202325 + 202425 + 2? 2? + ZtZoZr - 232? — 22?242fi — 2o2326 + 323242 



Xoiiiooo 



+ 2222527 Z3ZQZ7 ^j^^Q ^0^0 '-'O'^D I ^Z^O I *^L^Xi^t ^^L^O I ^L*^l 

zf - 21222325 + 222425 + 2i2f + 2^2^25 - 232I - 2212425 - 2I2325 + 3232425 

no - n Q 



X002IOOO — ^3^4 — ^1^4 



- zjzQ - zfzQ - zIzq - 21222427 + 221232I + 212527 + 2I2527 - 21232527 - 221222527 - 2i 



24 



14 



Z^Zq + ^4-^5^7 + Z2Z3ZQZ7 + ZiZq + 2Z1Z3Z4 - ZiZ^ZqZj + Z^Z^Z^ + zlz2Z5 — zfze — 2Z2Z3Z5 
Z^Zj + 22-^6-2^7 + ZiZ4:Z^ + SzjzsZQ + zjzQZ^ — ZiZ^ - zfz2Zr - Z^Zq + Z1Z4ZQ - 2z3ZqZ^ 
Z^Zj + zlz^ - Z2Z5ZQ + 2z'fzl + Z2Z4Zr - zfz^Zr - Z^zl + z\zj + ZiZ2z'^ + Z4 + Z6 

ziZ22;6-Z7 + z^zqzj — Sziz^Zy — 2z\Z2Z^ — 2z\z%z^ — — -22^7 - 2z|z6 + zizi + 222:3-27 

z| - + 2z2ZqZ7 - zfzj - 222^5 - zf + Z3ZQ + 2ziZ3 - z| + ZiZq + 22-^7 + 2^ 

Zizj - Z1Z2Z3Z5 - 2:22425 + 232I + 2^2426 + 2I2326 - 232426 - 21222427 + 212527 - 21232527 
2i 222627 - 21252627 + 2^27 - 21242^ + 222325 + 222527 - 2|26 + 22x2426 - 21222327 + 2i2| 
212227 - 2212527 + 232527 - 21222627 + 252527 + 2^24 + 2^23 - 22324 + 22i2225 + 2^26 - Z^ 
2Z1Z3Z6 — ZiZqZ^ + 21 2I — 22:1252:7 + 2124 - 2i27 + 22327 + 2i26 — 22326 — 21^2^7 + 2i26 

zj - 223 

222I - 2I2325 - 232425 + 222I26 + 21222I - 242526 - 21232427 - 2i222| + 2I27 + 222232I 
221222527 — 21252I — 822232527 — 21232527 + 221242527 + 212I27 + 2I25 — 212425 — 2222427 
222I — 232527 + 2222426 — 3zjz5Ze + AzsZ^Zq + 2zjz4Z7 + 252527 — 232427 + 212327 — 22427 
22f 2527 + 252g — 2212527 — 22527 — 421232527 + 2242527 — 22i25 — 22i2224 + 22i2g27 
2227 + 5212325 + 2425 - 22^2225 + Zj + 2222325 - 212527 - 2222527 + 2212525 + 222I 
22^27 + 232^ + 2212527 - 22527 - 232527 + 22224 + 2212227 + 22325 - 2212226 + 2I27 
2527 - 212327 + 22525 + 22427 + 2212527 — 22227 + 2125 + 22i27 — 227 + 22225 — 2327 
22527 - 22122 + 25 + 22 + 27 

232I - 222I25 - 21222425 + 21232I + 2I2I - 242I + 212I2326 - 2^2426 + 22I26 - 22232525 

ziz^zl - 21222427 - 21232I + zlzl - zizlzQ + 821242! + 221232527 - 22I2527 + 212I2527 

21242527 — 2i 222527 — 22252g + zlzl + 222I27 + 232I + 2124 + 22242527 + ZlZ^z"^ - zfzQZQZj 

223252527 + zfz^z^ — zfzf — ziz^zq — 222425 — 8232427 + 8212426 + 2325 + 232425 + z\zqz^ 

21222I27 + 252I27 + 21222527 + 2^2627 — 221232527 — Az^ZqZ^ — 221222525 — 2525 — 21222327 
8212I27 + 22^2! — 2I2I + z\z2z'^ — 2z\z^Z'J — zlzj + 2242I + 21222427 + 21 2I + 2i24 

21232527 + 212I23 + 2242527 — 22232527 — 222527 — 2I24 — 2212324 - zjz^z^ + 421252527 

222527 + 22327 + 2327 + 2222325 + 2i25 — 22125 — 2212427 + 22527 — 212325 — 2325 — 212225 

2z\zqZj + 21222327 — 2222525 - 232527 - 22^27 + 212! - 212227 — 22527 + 222427 - 2127 

9 9 9 9 9 9 

232527 + 221222527 — 2i24 + 8212327 + 2227 + 2324 + 8252527 — 212225 — 25 — 22226 

2212325 + 2127 + 22426 - 2227 - 212227 ~ 222327 + 2212527 + 2124 + 22127 + 2222527 + 2i26 

2232^ - 2225 - 2325 + 2^ + 212227 - 2262^ - Z2+ 22527 - 2127 - 22123 - 21 25 + 2227 - zl 

Z4 — 222232425 + 2I2I + 212I2I + Z^Z^Zq — Z^Z^Zq — Z1Z2Z4ZQ — 21242I + 8212425 

2122232526 - 22242525 - zlzlzl - Zizlzl - zjzlzQ - 2122232427 + 232^25 + 821242I + 2|232g 

222I27 + 212I2527 + 212I2527 - 2^232527 - 223242527 - 21222525 - 2122232527 + 2i2| 

22122242527 + 2f 27 + 2^27 - 22123252527 + 2i2| - 21222325 — 232I + 2222I25 - 21222425 

2I25 — 22^2! + 521232I + 21222I27 + 8212425 — 82I27 — 4242I — 421232425 + Z\Z2ZqZj 

ziZ^Zj — 21222I27 + z^zqz^ + 82I26 — 22i 222525 — 621242527 — Sz^ZqZ^ + 22^2! + 822232525 
212I2! + 2^222427 — 212I26 — Szfz^ZQ + 2225252^ - 2^2527 + 2122232^ - 2I2I + 421242I 

2222427 + 21232527 + 22I2527 + 2232527 + 2i2| — 2222527 — 221222527 + 21222527 + 212324 
82122232527 — 212327 + 2I2I - 2i2225 + 221252527 — Z1Z2Z4 — 22I24 — 221 2I + 421222325 



15 



ry r\ 99 9'?99'-t 

+ 1z\Z-^Z'j + "iz^Z/^Z^Z-j — 2;i^2-26 — 22:3^526-27 — 21-^5 — Iz^^Z/^Z'j + 2ZiZsZq + 3ziZ2ZqZ7 

+ 2232427 — 4212326 — 32^2627 + 82427 — 22242:5 — 2;i2;22;52;7 + 2Z2^3^6 + 621 23262:7 + ZziZqZ'j 

+ Z^Zj + 5232I - 22^2426 + 2^222327 - 2232426 - Zi 2:22526 - 5242627 

+ 2^2527 — 32i2g27 — 62i232g — 2^2227 + 2227 + 22425 + 2242527 

- 2212324-22232627 + 221252627+^-^^-^ ' -^-^ 
+ 
+ 



222I27 + zlzl 

27 + 2^222627 - 21252:7 



2212324 - 22232627 + 22i 252527 + 2i2|2f + 2127 - 2^2225 + 824 + 22|2f - 8222527 - 2:12:325 
42 42 2 2222 2 

8222325 — 22327 — 2212225 + 22527 — 82325 + 82125 + 8212427 + 2222527 + 212527 + 222527 

909 9 9 9 O 9 'X 

Az^zqz-j — ZqZ^ - 2ziZq - 821222327 - 22325 + 8222127 + 82^^2527 + 2223 - 2527 - 4232527 

4 2 3 2 2 2 

2:12:7 + 22:12:4 + 8212:22527 + 82125 — 22324 + 8212327 — 8212325 + 2i2227 — 52427 + 42425 

82:22:7 — 22:1 2:| + 2:12:3 — 2:22:32:7 — 2:1 2:| + 22:7 + 42:22:62:7 

0.v2~ 0.v„.v2 A O-v. -v L Q-v. .v2 _i_ O-v. A^. ^„ . 



X2OOOIOO 
XllOOlOO 

X02OOIOO 

XlOlOlOO 

XoilOlOO 



= Z 



+ 

+ 
+ 



QfJQ 0/1 0000 

82:22:7 — 22:12:5 + 2:12:3 — 2:22:32:7 — 2:12:2 + 22:7 + 42:22:62:7 — 22:12:7 — 22:3 + 42:32:7 — 42:12:4 

00 o o o 

22:12:5 — 2252:7 — 42:32:5 — 22:12:3 + 82:12:7 + 224 — 42:125 + 2:1 + 22:22:7 — 22:3 — 2:7 — 22l 
2:12:5 — 2:32:5 — 212:22:5 + 2:^2:7 — 2:42:7 — 2:12:5 + 2:32:7 — 22:12:2 + 2:12:7 
2:12:22:5 - 2I25 - 212325 - ^ ■ ■ ^ ■ 

2;32;6 — 2:52:7 — 2:| — 2:12:7 + 2:22:7 + 27 

2:^2:5 - 2:42:5 - 222:32:5 + 2^2:7 - 2:22:! - 2:12:42:7 + 222527 + 23252:7 - 2i25 - 2:12:7 

2;i 2:32:7 + 2:12:2 + 2:4^7 - 2223 + Z1Z627 + z2Zj + 212:7 — 22:22:5 — 2:12:2 — 2:2 

212325 - 2:4^5 - 212225 + 212I27 + 222I + 212527 - 2:22:527 - 2:3^5^7 - 222:4 - 2527 
22325 - 212225 + 22525 + 212327 - 21Z7 - 22:^2:2 - 2I27 + 212527 + 2:223 + ^12:5 + 2^22:5 

2i27 + Zj + Z\Z2 - Z^Z-j + 25 + 22-27 



2-^7 ~ '*4'*7 ~ -^l-^S "f ^^^7 ~ ^'i'iZ2 T ^1^7 
■ zl + 2:42:5 + 2:1 2:| + 2:2232:7 - 2:1252:7 + 2:2252:7 + 2:125 - 2:22:5 
■ 2:52:7 — 2:| — 2:12:7 + 2:22:7 + 7^ 



zfz5 



Z2Z3Z5 - z^zq - zizl - zizlzQ + 212425 + 222525 + 21222327 + 22i 



,2^2 



+ 

X0O2OIOO = 



+ 



• -^-^-u . ~^~^-o-, • — i-D 2232I 

2212527 + 2232527 + 21222527 - 2I + 252527 - 2324 - 2i2f + 212327 + 22^25 - 4212325 
2:12:52:7 — 22:12:6 + 2212:52:7 + 2:22:52:7 + 2:12:7 — 2:12:4 + 2:327 - 2^26 + 22527 — 8232:5 — 82I 
2:12:7 — 82:12:5 — 2:3 — 22:5 — 2:1 

2:|2:5 — 2:12:42:5 — 212:22:32:5 + 222:42:5 + z'lz^Z'j + 212:22! — 252:| — 2:12:427 — 2:^2:32:7 + 22:32:427 
2:12:22:52:7 + 2:|2:7 — 2:^2:52:7 — 2:12:22:4 — 2:12:5 + 2:^2:5 — 2:^2:22:7 + 22:42:62:7 + 3Z1Z3Z5 + 2:22:32:7 
2242:5 — 2:22:32:5 — 2:12:7 + 2:12:52:7 — ziZ2Zr — Z1Z5Z6 + izfz^zr + 2:22^ — 22I27 + 2! — 2:12:2 
22:12:52:7 + 2:12:22:3 - 2:22:4 + 22:^2:7 — 82:32:52:7 + 2:32:5 — 2:^2:7 + 2:12:22:7 + 2:52:7 — 2:^2:7 — 82:12:32:7 

— 2:52:5 + 2222:3 + 2:12:7 — 42:12:52:7 + 21 Z5 + 2Z225 - 2i27 - 2327 — 2:52:7 + 22:1^2 - 2127 
XlOOllOO = ^1^42:5 - 2:22:1 - 21222325 + 232525 + 2^2427 + 2i222| + 2^2327 - Z32427 + 252^ - 2122252:7 

- 2^27 + 212527 - 21232527 - 212227 - 212224 - 242527 + 2425 - 2212627 + 222327 - 222325 
8212525 + 2^27 - 2212427 + 252^ - 2212527 - 212223 + 2i25 + 2232527 + 2224 + 212227 
2325 + 212225 - 252! + 2525 + 2i22 + 2427 + 2127 - 212527 - 2223 - 21 22 - 27 - 2127 + 2:7 
222:425 - 232I - 2I2325 + 21222525 + 222I27 + 21232I - 242I - 21 2I - 21232527 - 2^2:32:7 
2:22:32527 - 2:12:324 + 2I + 21222:5 + 2125252:7 - 22:22:32:5 - 22252:7 - 21 2I + 2:12425 - zjzQ 

+ 2:|2:7 + 2:12:22:32:7 + 2:32:! + 2:12:22:52:7 — 2;|2:3 + 2:12:4 + 2:12:7 — 2:52:52:7 — 2:32:4 — 2:42:7 — 2:^2:5 
2 



+ 



Xoioiioo — 



+ 



24-1-24-1- 21222:5 -t- 2125252:7 - ^2:22:32:5 - 22252:7 - 2125 -I- 2:12425 - 2:1; 
■ + 2:32;! + 2:12:22:52:7 — 2;|2:3 + 2:12:4 + 2:12:7 - 2:52:52:7 - 2:32:4 - 2:42:7 - 2:^2:5 
2:12:52:7 — 2:12:32:5 — 2:12:22:7 + 2:42:5 + 2:1 2:| + 2:22:32:7 — 22:12:7 + 2:12:5 + 2:32:7 — 2:32:5 + 22:12:22:7 
2:12:3 - 2:52:7 - 2:| + 2:4 + 2:12:5 + 2:1-2:3 



XoOlllOO — 2:32425 
+ 



25 - 2:12:22:! - 2:22:! 25 + 21232525 + 2^2:52:5 + 2:12:12:32:7 - 2:^2:42:7 + 2:12:22:! - 222:32:! 

2:|27 - 21222527 - 2:22:! — 2i2224 + 2^2325 - 212I2527 + 21242527 + 22252:527 + ZlZ^Z^ 

zfz2Zj - zfz^zr + 2:12:22:32:7 + 2:32:!2:7 - 2:12:5 + 2:12:7 + 2:^2:52:7 - 2:12:22:32:5 + 2:22:42:5 - 2:32:52:7 



16 



+ ZlZ2Z6Zj + zfzf + zfz^ + zfz^ZQ + ZiZ^Z^ - 2Z3Z5Z6 " -Zl^^S-^r + zjz4Z7 — 2Z3Z4Z7 — Z^ZeZ^ 
- - ZiZaZj - Z1Z2Z5Z7 — Z5ZQ + Z^Zr + zjz2Z7 - zjz2Z3 - Z2ZQZr + Z4Z6Z7 + 2ziZqZ7 

+ 2ziZ2Z4 + 2z\z^ - Z1ZSZ5 - 2Z4Z5 - Z2Z3Zj + 2zfz2ZQ - 2^2-^3-^6 " Z2ZqZj - 2zfzj + 



+ z, 



2ziZ2Z4 + 2z\z^ - Z1ZSZ5 . „ 

zjz^Zy - SziZ^ZQ + zlzj — 2z2z1 + z\z2 - ZiZ^Zj — 2zjz5 + ZsZeZj + Z2Z4 — zfz7 + Z3Z5 
2 . ^ 2 , " « « 



'^7 + 2zi2;32;7 - Z5ZQ - Z2Z7 + 2:42:7 + 2:12:7 + 2:12:627 - 222:7 - 2i22 + 2:125 + 22i27 - 232:7 



- 2127 + 22 



X0002100 



zlz5 



+ 2212427 - 2122232527 - 21252I + 223252I - 212I2627 - zfzlzQZj + 212I27 - 21222I 

— 2:12:22:32:4 + 2:22:! — 22:32:12:7 + 2:^2:32:62:7 + Szfz^ZQZr + 2:12:^2:5 — 2:32:42:52:7 — 2:12:22:32^ + zlz^z^ 

+ -^2-^32:7 + 2:|2:62:7 — 2:^2:32:5 — 2:12:42:5 + zfz^zr — ziz^ZqZy + 2:1 222^4-^7 + zfz^z^ — 22:1232:52:7 

+ 2:42:12:7 — 2:22:|2:6 — 2:f + 2:12:224-^6 + z^zj — Sz^z^z^ — Szfz^ze + 2:12:22:62:7 + 62:12:32:52:6 

, ^ I ^ ^ ^ ^2 I o 3^ „ I ^ ^2 3 .2^ ^3 ~ ~ ~2 I 



- 22232426 + 2I2526 + 212I2526 + z\z\z-j - Z^Z4Zr - Z\z\z4Z'j - Z2Z4z\ 
^ ^ ^ J2^ 2 , 2 ^ Jl ^2^2^ ^ , ^2^2^ ^ ^ ^3 



+ 2:i2;|27 - 



-^4-^5-26 + Z2Z'>,ZisZ^ + 22^2:427 + Z\z\z^ + zfzsZj - 2ziZr,ZQZ^ + 2:22:|2:7 - 4Z1Z3Z4Z7 

' " ^ + 2I27 + 2:12:52:! + 2:22:3^527 + 2zfzQZr - ziz^zj 

0^4^ 2 3 3 , o^2„ ^ 



— 4212:42:7 — 2:22:32:! - SzfzQZj - zi 222527 + 2I27 + 2:12:52:! + 2:22:3^527 + 2zfzQZr - z\ 

— 6zjz3ZeZ7 — ziZ2zl — ziz^z^z-j + zjz2Z4 - 2zfz5 — 2:22:324 — 2:|2:7 - 22-Z6 + 22I2627 

+ 62:12:42627 + 212I25 + 52123Z5 + SzfzgZY + 2i 222:6 - 2:12:22:7 — zfz^Zj - 3Z1Z4Z5 + Z'^Z'j 

— 222:427 + 2232527 + 22527 - 22127 + 21222627 - 2212223Z6 - -21-23-^7 " Z2Z4Z^ + 2232526 
' ^ 0.2 + 221 2f + 821232! - 2252527 - 24zf 



+ 2212I27 + 2I2327 



+ 22^2223 
+ 



X0IOO2OO 



2212226 — 2212427 — 21222527 + 22127 + 8212327 — 2252527 — 242 
^^1^2-^3 - 4212627 + 2I27 - 2222I - 2i222f - 212224 + 2242527 + 32l2|27 + 2212325 
, 8222327 + 2425 + 2212527 - 5222325 + 2212525 + 2222527 - 212I27 + 8212427 - 822^! 
+ 22:12:7 — 2:32:7 — 2212223 - 252! + 82:^25 + 232527 + 22^27 - 22325 + 2212227 - 22:12:22:5 

— 22527 + 22i27 - 22:12:32:7 + 2:42:7 + 2:12:2 - 82:12:7 + 82:12:52:7 - 42:22:3 + 2:22:7 - 2:12:5 - 82:22:6 

— 22:12:7 + 2:32:7 — 2:12:2 + 2:52:7 + 2:12:7 — 2:2 

= 2:1 2:| - 2:12:42:5 - 222:52:5 - 2i2;| + 2:22427 + 2:32:! + 2:12:52:7 - 2:32:52:7 + 212:22:52:7 + 2:| - 2252:52:7 

— 2:12:22:5 + 2:42:7 + z\ — 2:22:7 — 2:42:5 — 2:22:32:7 + 2:12:52:7 + 222:52:7 + 2:| + 2:12:7 — 2:32:7 — 22:12:4 

— 2212:5 — 2:22:5 — 2:52:7 + 22:32:5 — 2:1 + 22I + 2212:3 + 2527 + 2127 - 224 - 21 26 + 2227 + 23 - 1 

= 2:22:! - 2:22:42:5 - 2:32:52:5 + 2:32:42:7 - 2:52:! + 2:12:32:52:7 + 2;|27 - 2;f 2:22:7 + 2:22:32:7 + 2:12:52:7 

— 2:12:325 + zfz2ZQ — Z2ZSZ6 - Z^Zj - 2212525 + 212427 + 2:22:52:7 — 23252:7 + 2:12223 — 22:22:4 

Q o o o 

+ ^1^2-^7 + Z^Z-j — Z^Z^ + 2127 - 22525 + ^1^7 — 2212:32:7 — 2:42:7 — 82:12:52:7 + 2:22:7 — 2:12:5 



- 22f27 



X0010200 



Z3zi 



2225 + 2122 - 25 
232425 

-^1 -^2 ^7 



127 - 2225 -h 2122 - 25 - 2127 - 22 

21222525 + 2I2I + 21222427 - 242! - 2^2527 + 2242527 + 21222527 

22232527 - 212327 - 21232^ - 2I - 2i2225 + 2I27 + 222325 + 2212427 - 222I27 + ^ 



21 2^ 2:5 



+ -^12325 
2 



X0OOI2OO 



I25 + 222527 + 212! - 4:ZiZ4Zq + Z^ZqZy + 222525 - 2212! - 222427 + 8212527 + Zg 

+ 2:22:3 + 2:12:3 — 22:32:52:7 + 22:12:7 — 22:12:4 — 2:12:22:62:7 — 232:4 + 22:22:5 — 212327 — 82:12:5 — 252527 

+ 221232:5 + 2:22:7 — zf — 22:42:5 + 2:12:6 — 2:22:32:7 + 2:1 2:| — 2212:527 — 22:12:7 + 2:12:3 + 2:3 

— 82:22:52:7 + 2:32:7 — 2:12:4 + 2:22:5 + 22:32:5 + 22:| — 2:52:7 + Z2+ 2z\Z2, + 82:12:5 — 22:22:7 + zf + zq 

= Zizl - zjzQ - Z2Z3Z5ZQ + zjzQ + Z2Z3Z4Z7 - zjz5Z7 + 2:i2|2;| - 2ziZ4Zq - Z1Z2Z5Z7 

+ 82:12:42:52:7 — 22242527 — 212227 — 2:12:4 — 2i2g + 232g — 212327 + 221252527 — 232525Z7 

+ 2:i2:|26 + 212427 - 221222I27 + 222425 + 2^2327 + 232427 - 232I 



2 , 2 2,2 2, 2 

~ ~ + ZiZ2Zq + 252527 



+ ziZ2Z^Zj — z^Zj — Z2ZZZQ + z\zqZj - ziZ2,zqZj - SzfziZe + z\z2Zj + 212:22:32:7 + 22:12:22:52:5 
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— Z2Z^Z7 + ^4^6-27 — z^ze — 3ziz| + z| + Azizszl + 2zfz5Z7 + ziz^z^ — 4:Ziz^z^zj - z^z^ 

+ 24^5^7 — zIz2ZqZ-j - 2ziZ^Zj - zfz^ - zjzj + ZiZq + zfzy - ZxZ^Z^Z-j - zjzsZj + Z2ZqZj 

+ - Z2zlz^ - zjzj - zj - 2zfzQ + ziz^z^ - Z2Z3Z5 + 2zf zg-z? - zizj + ziz^ze 

+ 2:3^6 + 2z|z6 - 2Z3Z6Z7 - Z1Z4Z6 - 2Z1Z2Z3Z7 - zlzj + zjzl + 3Z3z| 

+ + z| — 2^5*^3 — 3^^2527 + 4ziz| — 2ziZ2ZqZj — Z2Z3 + Z2ZJ — z\zj — Z1Z3Z7 

+ zlzi - Z^Zi + Z4Z7 + 6Z1Z3Z6 - ZiZ(,Zj - Z2ZQ - Z^Zq + z\zj, - Z2Z3Z7 + 4ziz| 

+ 2z^ - Z2Z6Z7 + zfzj + 2zfz6 - Z3Z7 - zf - Z2Z5 - ZqZ^ + ?>Z^Zq - 2Z\Z2Z'! + 2z| 

+ ^ZxZj, — ZiZj - Z2 - Z4 + SZiZq + zj + Z3 + Zq + Zi 

= - 2z4Z5Ze + zjzr + 2;22;32;6 - 2ziZ5Zq - Z2Z3Z5Z7 + 2;22;| + 2ziz^Z7 + 2;i2;42;62;7 - 2Z2Z5ZQZ7 

2 2 2 2 2 2 2 

— ri rn 7:0 -I- — ri -I- ri -I- -I- TTq rr: -I- ^.r, 7(i — TTo T-^ T-c — n TTo T-c T". 



— 2:22327 + 22-2;427 — Z1Z4Z5 + Z1Z2ZZZQ + z\z^z'^ + Z3Z52;7 + 22^5 " 2224^6 — ZiZ2ZqZ^ 
+ Zr,ZQZ7 — 2zjz5Z6 + ZiZ42;7 + ZiZ2zl — 2Z3Z4Z7 + Z1Z2Z5Z7 + Z1ZSZ7 + 2;i2;62;7 + Z2zl 

— Z1Z2Z4 — Z4Z7 — Aziz^zezr — zfz^ + z\z2Z7 + Z4ZQZ7 — ziz^zj + 2Z1Z3Z5 — 3Z4Z5 — Z2Z3Z7 

— zfz2Z6 + 32;22;32;6 + Z1Z5Z7 — Z1Z5ZQ — Z2ZQZ7 + 3z2Zq - 3Z1Z4Z7 — z\z2 + 3^:1 Z223 + 2:327 

n.2. , . -3 n. n.2. n . . . .2 .2. .3. , r, . . , r, , 



X2000010 

XllOOOlO 

X0200010 



— 2;i 2:22:6 + 32:22:32:6 + 212:52:7 — 2:12:52:6 — 222627 + 3^226 - 3^12:4^7 — 2:i2:2 + 32:12:223 + 232:7 

— 22:^ 2:62:7 + ZqZj - 2Z3Z6Z7 — 2ZqZ7 — 22:22:4 — 2:12227 - 2^25 - 2^2:7 + 2Z3Z5 + 2ziZ226 + 2:52:6 

+ 22:42:7 + 2:12:7 + 22:223 — 212:027 + 2^12:5 + 22:226 + 22i27 — 22327 + 22:122 — 22:6^7 — 22:12:7 

= zjzQ - Z3ZQ - 212227 + 2I - 2I + 2527 . . „ 

= 212226 - 2I27 - 212327 - 2526 + 2427 + 2223 + 2i27 

_ _ _ , _2 _ _2 , _ _ _ _ _ _ 



1 



= 2^26 - 2426 



- 24 - Z1Z6 + 2227 + 27 - 226 

■^-^ + 2226 - 2327 + 2i22 - 2627 - 22i27 + 22 
+2:225-22:^26 + 22326 



Xioioolo 

Xoiioolo = 22232:6 
X0020010 



. „- 222327 + 2I - 21 2I + 212527 - 222627 + 2i 27 - 2124 . „ „ ^ „ . 

- zf + Zq+ Z2 + 22123 + 21 26 + 23 + 26 + 21 

- 2426 - 21 2I - 2^2227 + 212527 + 2^27 + 21 2^ + 222627 - 2^26 - 2225 - 232:7 + 2326 

2 2 

- Zo — 2i 2:7 



- 212227 

= 212326 - 2426 - 212I 



+ 212:227 - 2I — 2:12:7 



— -2^2 — 

= 22232:6 — 212:52:6 — 2|2;7 — 2:12:^2:7 + 2:12:42:7 + 2:12:223 + 2:2252:7 + 2:^2:627 — 2:32:627 + 2:12:227 

— 2:12:5 + 2:32:5 + 2i27 — 2:127 — 3212327 + 2:42:7 + 2:223 — 2:12:627 + 2227 — 2:127 — 2:32:7 

= 2:|2:6 — 212:42:6 — 2i2:| — 212:2232:7 + 2:2242:7 + 2:32:5 + 212:52:7 + 2i2:| — 2:32:52:7 + 2:12:22527 — 2:124 

— 2:^2:3 + 2:12:7 + 22:32:4 — 212:225 — 2212327 + 242^ - 2212:5 — 2^2:6 + 4212325 — 2:227 — z\ + ZiZq 

+ 3212:3 — 2:12:52:7 — 2:1 2:| + 22:2252:7 — 2:^2:7 — 2I + 22:12:5 — 2:225 + zf - Z2 - Z4 + Z2Z7 

XlOOlOlO = 212:42:5 - 22252:5 - 212:2232:7 + 2:32:52:7 + 212:4 + 212226^7 + 2^23 + 2^27 + 2^ - 2324 - 2:52:52:7 

— 212327 - 212225 - 221262^ - 2425 - 2^^227 + 212I + 222327 + 212527 - 22^27 - 2:22527 
+ 2327 - 2124 + 2325 + Z^Zj + 2I + 212227 + 2127 + 22126 + 2^-23-25-21 

= 222425 - 232525 - 2^2327 + 21222527 + 222I + 21232527 - 242527 + 212227 - 222327 - 2:12:325 

— zlz^ - zfz2ZQ + 2222325 - 22252! - 2^2327 - 212526 + 222I + 2527 - 222527 + 232:527 
+ 2:12227 + 212223 - 2^27 - 2^25 + 2224 - 2527 + 2325 + 22526 + zfzj + 2127 - 21232:7 - 22^2:2 

— 2:|2;7 + 2:42:7 + 22:223 + 22:12:5 — 22:227 + 32:225 + 2:12:2 — 2:7 + 2:5 - 2127 + 222 + 27 
= 232:42:5 - 2:12:2252:5 - 22212:7 + 2^2:52:7 + 2:12:32:52:7 + 2:42:! - 242:52:7 + 2:12:22527 + 2:12:^2:3 + 2:1 2:| 

— 2:^2:4 + 2:12:32:7 — 2:2232:52:7 — 2:12:52:52:7 + zf — zfz2Z5 — Z^Zj — Z1Z4Z7 — Z1Z2ZQ — 2zIzqZ7 

— zfzsze + 2:|2:6 — 22212:7 + 2:2252:7 + 22:12:42:5 — 212:227 + 22:1 2:| + 212:2232:7 + zjz^zj — Z3Z5Z7 
+ 2:^2:7 + 2:12:7 + 232:4 — 2:12:225 + 2:^2:5 + 212:227 + 2:42:5 — 22:2232:7 — 22:2252:7 — 22:32:7 — 27 
+ 2232:5 + 2:52:7 — 2:52:7 — 212:7 +2:4 + 2:3 + 27 

= 2:|2:6 - 2:2232:52:5 - 2:2232:42:7 + 212:52:7 + 2:|2;| + 212:42:^ + 212:^252:7 - 2:12:42:52:7 - 2^2:4 



XoiOlOlO 



XooiiolO 



X0002010 
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- Z2Z4Z6Z7 - Z1Z2Z4 + 2zizl + zszl - Z1Z2Z3Z5 - zsz^zqZj - ziz^ze - ziZ2ZqZ7 - zfzjza 

+ SzfziZQ + Z2Z3ZQ + z^Zy - zfz2Z3Z7 - Z3Z4Z6 + Z2zlzr — z^ze + ziZ2Z4Z7 - ziz^zqZj + zfzl 

- Z^ZqZy + Z2Z3ZJ + 2Z4Z| - zfz^Zj + 3Z1Z3Z5Z7 - 4:Z4Z5Zr + Z2ZqZj + 2^^22:6-^7 + 2ZiZ4 

- Z')Z?.Z(\Z7 + Zl Zr,Zv + ZiZr — 4ziZsZ4 — Z1Z2Z5 + ZiZ^Z-j — 2Z1Z5ZQZ7 + 2ZiZe — Z2ZqZj + 2^4 

''^ ' '"^ " ''^ I - Szf Z3Z6 - ^3^6^? + + 4Z1Z4Z6 

^6 ~ 2z\z^ 

,2 



Xioooiio 
Xoiooiio 



Z2Z'iZ(,Z'j + Z\z\z} + Z\z\ 

— 2Z\Z4Z^ + 2^22:3^5 — Z2Z^Zq — zfzQZ^ — Z1Z2ZQ — -^l-^f ^ -'2 ~ ~ „ _ _2 1 ^2, 

— ZIZ2Z3Z7 + zjzl - Z^Z^ + 2222^52^6 + -^3-^6 ~ -21-^2-^7 " -^2-24-^7 + ^Z^Zj - zjz^Zr 
+ 'iZzZ^Z'j + z|z3 — 2z^Z4 + 3ziZ3z| + ^12:2^5 — 225^6^7 — 3z4z| — 2Z1Z3Z6 + 5Z4Z6 — Z\Z%Z^ 
+ 2z\Z^ + 2;2-Z3^;7 + •Z2-Z7 + 2^7 + ZxZ^Z-j - z\ - Z\z\ + 2^1 Z4 - 22226^^7 + 2^225 + 22;f 2:7 - 2:1 2:6 

+ 22;^ + 2:1 2:22:7 — 82:62:7 + ?>z\ — z^zr — ^ziz^ + 82:4 + 2:12:6 — 2:22:7 — 22:^ - 2^7 +82:5 + 1 

— 7. yr- — — y- y. y„ — ^? y„ -I- y„ y^ y„ 4- y- y„ y'^ 4- y„ y . 4- r? r-r -I- t-^ _ ~- ~2 



Xoooiiio 



X0000210 



X1000020 
X0100020 

X0010020 

X0001020 



+ 22:^ + 2:12:22:7 — 82:52:7 + 82:g — 2:52:7 — 42:12:3 + 82:4 + 2:12:6 — 2:22:7 — 22:;^ - 2^7 +82:5 + 1 
= 2:12:52:5 — 2:22:! — 2:12:42:7 — zfzezr + 2:32:52:7 + 2:1 2:22:7 + 2:22:4 + 2:|2:7 + 2:^2:5 — 2:52:7 — 2:32:5 
— 2:52:5 + 2:42:7 + 2:12:52:7 — 2:22:3 — 2:22:7 — 2:22:5 — 2:12:2 — 2:7 + 22:52:7 + 2:12:7 + 2:7 

~3 , „ „ I. ^_|^^g^2 _|_ ^^^^^^ _ ^^^2 _|_ ^^^^^2 _|_ ^^^^ _ ^^^2 
.2,0 , o„2„_ , , _ 2 o , 



2:52:5 

= 2:22:52:5 - 2:32:! - 2:22:42:7 - Zq+ Z3Z4 + zi 2:32:7 + 2:52:52:7 - 2:42:7 + 2:12:52:7 + 2:42:5 - 2:1 2:| 
— 2:12:22:7 + Z2Z3Z7 - Zi 2:52:7 — 22:12:7 — 2:| + 22:12:4 + 22:12:5 + 2:22:5 + 2:32:7 — 22:32:5 + 22:12:22:7 

O O Q O O 

+ 2:52:7 — 22:5 + 22:1 — 42:12:3 + 22:12:7 + 2:4 — 82:12:5 — Zi ~ Z3 ~ zq — 2zi 



Xooioiio = Z3Z5ZG 
- 2:12:52:7 



2:12:22:5 

^2 3 
Zi Z-j 



■ Z3Z4Z7 



■ zfzszj 



+ 2:22;62;7 + ^1^22:4 + 2:^222;? + 2:12:^2:7 — 2:22:32:7 — 2:^2:5 + 2:42:5 

22 2 3 2 

^-7 — y-i ^-7 -I- y-i y.A A- y.^ y.c y.-7 — y.ayi. — y.n y„ A- y.n y.r: y.T 4- y.r 



+ z\z-j — ZiZ^Z'j + Zi 2:4^7 + Z\ 



- Z1Z2ZJ + 2z|z7 + Z1Z5 + Z527 + ^1^7 - Z3Z5 



- 22^3 - ZiZ^ 



■ zfzj 



2 2 
■7 ~ ^2^ 

+ ^1^52:7 - 2:52:7 - 2:22;^ + 2;22;52;7 + 2:32:52:7 
2:i-?22:5 + 2:^2:7 + 2:12:7 + 2:12:32:7 - 22:52:5 - 2:42:7 

- 2^22:6 + 23-^7 + -^6-27 -2:5-^2 
= Z4Z5ZQ - zlz7 - Z2Z3ZI + 2;|2;627 + ^22:32:4 - 2;|z5 + Z1Z2ZQZ7 - ZiZ4ZqZ7 - ZiZ^Z^ + 2^12:4^5 

— 2:2^42:7 + Z3zlz7 - Zizlz7 - z'lz1z7 + 2:^^525 - 2z3Z^Zq - 2ziZ2ZqZj + ^52:52:7 - 2:52:! + 2:|z3Z7 

+ 22:32:42:7 + 2:^2:22:3 + 22:12:22:52:7 — 2:12:32:7 — 2:|2:7 — 2:22:! + 2:42:7 - ^1^52:7 + 4Z1Z3ZQZ7 + zlz2Zj 

— 22:42:52:7 + 22:^2:5 + 2:22:7 — 5Z1Z3Z5 + 2:12:52:7 + 82:42:5 + 2:22:32:7 — 2:22:32:5 — 2:12:52:7 — 2:22:52:7 

+ 2:^2:7 + 2:12:7 — 22:12:52:5 — 2:12:32:7 — 2:^2:7 + 22:12:42:7 — 2:32:7 + 2:22:52:7 — 22:12:22:3 + 2:32:52:7 + 2:22:4 

— 2:12:22:7 — 2:12:5 — 22:12:7 — 82:32:5 + 2:12:22:5 — 2:52:7 + 2:^2:7 — 2:52:5 — 2:42:7 — 82:12:7 + 42:12:52:7 

+ 2:12:2 — 2:22:3 — 82:12:5 — 2:22:7 + 2:32:7 + 2:52:7 - Zi22 + 82:12:7 

= 2:|2:5 - 2:42:! - 2:42:52:7 + 2:22:32:52:7 - 2:1 2:| + zj + Z2ZQZ7 - Z2Z3Z5 + 2:1 2:| + 2:12:42:5 

— 2:22:52:7 - 2:22:52:5 - 2:12:22:32:7 + 2:22:42:7 + 2:32:52:7 - 2:12:22:7 + ZqZ7 - Z3ZQ + 2:3^527 - zl + zlz4 

+ 2:12:22:5^7 + 2:5^52:7 - 2:32:4 + zfzQ - 2Z1Z3ZQ - Z4ZQ + 2:^^22:7 - 2ziz| + 2Z1Z5Z7 + Z7 + 2:^2:3 

9 9 9 9 9 

— 2:3 — 3^124 + Z2-26-27 + 2:5^7 — 2ziZe — 3Z3ZQ — 3zq — Zi — 2ziZq + z^ — Z3 — 2zq — zi 
= ziZq - 212527 - 2:22:52:7 - 2:1^7 + 23Z7 + 2225 + zfza - Z3ZQ + ^1^22:7 + ziZy - Z2Z7 

= Z2Zq - Z2Z5Z7 - Z3ZQZ7 - ZqZj + 23Z5 + 2123Z7 + 2Z5Z6 + ZlZj - Z4Z7 - 2ziZqZ7 

— zfz2 + Z2Z3 - 2:22:7 + 22:1^5 - zfzj + 2^22:5 + Z327 + Z1Z2 + 2:5 + Z1Z7 + 2:2 

= Z3ZQ - Z3Z5Z7 — Z1Z2ZQZ7 + 2:^2:7 + 2:1 2:22:5 - 2:42:7 - Z2ZQ + 22:42:5 + 2:12:22:7 - 2:12:3 + 2:1 2;| 

— 2:22:32:7 - 2:1 2:| - 2:12:52:7 - 2:12:7 + 2:| + 22:12:4 + 22:12:5 - 2:12:22:7 - zl + z\ + Z4 

= Z4ZQ — Z4Z5Z7 — Z2ZZZQZ7 + 2:^2:7 + 2:22:32:5 + Z1Z2Z7 — z^ze — 2Z1Z4Z7 — Z1Z2Z6 + 82:12:42:5 

— 2:22:42:7 — Z1Z2Z7 + 2:1 2:| + 2:52:7 — 2:i2:| — 2:12:52:7 + 2:32:52:7 — 2:i2:| + 22:12:4 + 2;|2;3 — 22:52:52:7 

— 22:12:7 + 3Z1Z3Z7 + 82:^2:5 + 2:| — 2:4^1 — iziz^ZQ + 82:42:5 + 2:^222:7 + 2:22:7 + 2zf Z7 + 22:1 

— 2:1 2:| — 42:123 + 3^12:4 — 2:22:52:7 + 2:32:7 + Z7 + 2:22:5 — 82:52:7 — 2:12:5 — 22:32:5 + Zq — zf 

— 22:12:3 + Z2 — Z1Z7 — 2:12:5 — 22:1 — 2:22:7 — 2:7 + 22:5 + 22:1 
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X0000120 = ^5-^6 - 4,^7 - ZaZqZj + Z2Z3ZJ + Z4Z5 - ZiZqZ^ - Z2Z3Z6 - ZiZ^Z^ + Z2ZqZ^ + SziZsZq 

— Z2Zq - Z2Z5Z7 - Z1Z2Z3 + ZqZj + Z^Z^Zr - Z^Z-j + Z2Zi + z\zf, - Z\Z2Z^ — Z^Z^ + 22:52:6 

— Z\Z^ + + 2:12:2 — 22223 + 22:12:527 + 2227 + 2125 — 22226 + 22^27 — 2327 — 2l22 — 2527 

— 2127 - 22 

X0OOOO3O = 4 - 2252027 + 242^ + 2I - 212027 - 2420 + 222^ + 2l2| + 212527 - 2222027 + 2i27 

— 2327 - 2124 + 2225 - 2i26 + 22326 - 202^ - 212227 + 220 - 2127 - 2i + 22l23 - 24 + 32l20 

— 2227 + 2i + 23 + 20 + 21 

X2OOOOOI = z\z7 - ZzZ-j - 2122 - 2027 + 25 - 2127 + 22 

XllOOOOl = ZxZ2Z'j - z\- Z1Z3 - 2527 + 24 - 2127 + 2126 + 2i - 23 

X02OOOOI = -2^2-2^7 - -^427 - 2223 - 212627 + 2125 - 2220 + 2327 - 2l22 + 2027 + 2l27 - 22 

XlOlOOOl = ZiZ^ZY - 2427 - 2i22 - 212627 + 2^ + 2125 + 2226 - 2627 + 2i22 + 25 + 22-27 

XoilOOOl = ^22327 - 212527 - 2I - 2127 - 21 2I + 2327 + 2124 + 2225 + 22i26 + 2027 - 22320 + 2i2227 

— Zq + 2zf — 42123 + 24 — 22120 — 2i + 2227 — 223 — 220 — 221 

X0O2OOOI = 4^7 - ZiZiZr - 212223 - 212027 + 232627 + 2224 + 2i25 - 2325 + 2527 + 2i2226 - 2520 

+ 2127 + 2i22 — 2223 — 212027 - 2125 — 2227 - 2i27 + 2220 + 2327 — 25 

XlOOlOOl = ^1^427 - 222527 - 212223 + 2I27 + 2325 - 2527 + 212220 + 2i27 - 212327 - 212027 - 2227 

+ 2125 - 22i27 + 2327 + 21 22 - 27 + 22027 + Z1Z7 + 27 

XoiOlOOl = ^22427 - 232527 - 2^23 + 212225 + 212320 + 21 2021 - 222^ - 2420 + 2i2227 - 2120 - 222327 

— 212527 - 2i27 + 222027 - 2i26 - 2225 + 2320 + 212227 - 2^ + 2127 

XoOllOOl = Z3Z4Z7 - 21222527 - 222I + 212325 + 242027 + 2i2e27 + 2^25 - 2425 + 2i2220 - 222320 

+ 212327 — 2I27 — 212520 — 212427 — 2i2627 — 222I — 2027 + 222527 — 232027 + 202:7 — 212227 

+ 2527 — 2520 — 2i27 + 212327 + 2127 + 2I27 + 2i22 + 212027 — 2223 — 2l25 

+ 2i27 — 22220 + 2027 " 21^2 " 25 — 2l27 

X0OO20OI = - Z2Z3Z5Z7 - 222324 + 21242027 + 2I25 + 212I25 - 212425 + 232I27 - 222420 + 212527 

— 2232527 — 2i2520 + 232520 — 21222I — 22427 — 212027 — 2l232027 + 8242027 — 22i25 

+ 6212325 — 82425 + 2212027 + 222327 - 212527 - 222320 + 222027 - 222^ + 22l2427 + 22i2027 

+ Zj — Z^ZqZj — 8202^ + 22I27 + 2527 — 22224 + 82325 — 2212220 — 2212^ — 2520 + 22427 

+ 8212027 + 2222^ - 2223 + 2125 - 227 - 82220 + 82027 - 25 + 22i27 - 222 + 27 

XlOOOlOl = Z1Z5Z7 - Z2ZQZY - 2124 - 2i20 + 2320 + 2^ + 2i2227 - 2527 + 2127 - 2227 - 27 

— 2^ + 23 + 226 + 1 

XOIOOIOI = ^22527 - 232027 - 2^27 - 2224 + 2527 + 212327 + 21 2^ - 2427 - 212027 - 2125 

— 22i27 + 2327 + 21 22 -25 + 27 

XOOIOIOI = ^3^52:7 - 21222027 - 2324 + 2427 + 2l2027 + 2^20 - 2420 + 222^ + 2i2227 - 27 - 222327 

— 212527 — 2222027 — 2124 — 2i20 + 2225 — 2327 + 2320 — 2212227 — zf + Z2+ ZqZj + Z^ 

— ZzZ'J + 22123 + 22120 + 2i — 22227 + 27+23 + 20 + 21 

XOOOIIOI = ZiZ^Z-j - Z2ZzZqZ'j - zj + Z1Z4Z7 + 2^26 + 212^26 - 22i2426 + 2i2627 - 222427 - 2i2| + 232I 

— 232527 - 221222627 — 2i24 + 2324 + 2i2225 — 2127 — Z]_Z^Zj - 2z\zq + iZiZ^ZQ — Z^Zq 
+ 212027 + 2227 + 222327 + 21 2I — 212527 + 27 — 222027 + 22i27 + 22l24 — 2327 — 22027 
+ 2i20 + 22320 — 212227 + 2I — 22127 + 32120 — 2i + 23 — 227 + 220 + 221 + 1 
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X0000201 — 



Xiooooii 

Xoioooii 
Xooiooii 

Xoooioii 



X0000021 
X1000002 
X0100002 
X0010002 
X0001002 



X0000102 
X0000012 
Xoooooos 



+ 



zfz7 - ZiZQZj - Z4Z5 - Zizlz-J + Z2Z2,Zq + ZlZ^z"^ - Z1Z5ZQ + Z2zl - Z2Z5Z7 + Z3Z7 + ZqZj 
, - ZiZ2Zy + ^32:5 + Z1Z2ZQ + 2:5^6 - Z1Z3Z7 + 222:3 - Z1Z6Z7 + Z1Z5 



Z3Z6Z7 - z'iz7 - zlz5 - Z1Z2Z7 + Z3Z5 

2z2Zq + zjz7 - 2Z327 + Zj + Z\Z2 - SzqZ7 + Z5 - Z1Z7 + Z2 - IZ7 
= 2126-^7 — Z2Z^ — A ~ -2^1-2^5 ~ zjz7 + 2327 + Z1Z2 + 2Z6-Z7 — Z5 + 2ziZ7 + Z7 
= Z2ZQZ7 - Z3ZJ - 22-^5 - -^6-27 + + 2527 - Z4 + 21Z7 - 21^6 - zf + Z3 

- Z1Z2ZJ - Z3Z5 + Z2Z7 + 2126-27 + ^^1-22 - ^2^3 + Z2Z7 - Z\Z^ - 2226 - 2327 - 2i22 



232627 
2127 - 22 



= 242627 - 22232I - 2425 + 2I27 + 2127 + 212I27 - 212427 - 232^ - 2i2627 + 2232527 - 2224 
— 2l222y — 212226 — 22^27 — 2212^ + 8212327 + 32126-27 + -22-^7 " -22-^6 + 32^27 + 2327 — 2l22 
+ 22127 — 22 

+ 27 + 2327 — 2225 — 2627 — 212227 + 2527 



— 212227 — 212226 
+ 22127 — 22 

2 2 2 

XOOOOIII ~ -^52627 — 2427 — 25 — ZiZqZj + 222327 + 222627 -r ^7 "r ^-^^7 — ~ ^6^7 ~ 

— 2127 — 2123 + 24 + 2i26 + 2227 — 27+21—23 

= 2I27 — 2527 — 2526 + 2427 - 2127 + 212627 + 2227 — 2226 + 2^27 — 2l22 — 22 

= 2127 — 21 26 — 2227 — 21 — 27 + 23 + 26 + 21 + 1 

= 2227 - 2226 - 2327 - 2627 - 22 

2 _ _ _ _ , 2 



= Z3ZJ - Z3Z6 - 212227 + 22 - 24 + 27 - 1 
= 2427 — 2426 — 222327 + 23 + 2^27 - 2327 + 21 22 — 22124 — 2i26 + 2326 — 212227 — 2127 
- 22i + 42123 - 224 + 2126 + zf + 223 + 22i 

" - 2526 - 2427 + 2223 - 212527 - 2125 + Zy + 2226 - 2627 - 2127 + 22-27 
- Zq - 2527 + 24 - 2127 + 2227 + 2? - 23 - 26 - 21 



= 25^7 
= ZqZj 

= z',-2zeZ7 + Z,-ZrZ7 + Z2-Z7 



Appendix B: List of the cubic Clebsch-Gordan series. 
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Zl Z2Z3 



^ X3000000 + 2Xioioooo + Xoooiooo "I" ^Xiooooio + 3X2oooooo "I" ^Xoiooooi + '^Xooioooo "I" X0000002 

+ 3xoooooio + SXioooooo + Xo"""""" 



"T 'JACoooooio "T JXioooooo "T Xooooooo 
Z1Z2 = X2100000 + Xoiioooo + 2Xioooioo + 2X2000001 + 2xoioooio + Sxooioooi + 2xoooooii + ^Xi 

+ ^Xooooioo + 6X1000001 + ^Xoiooooo + 3Xooooooi 
Z1Z2 = X1200000 + Xiooiooo + 2Xoiooioo + X2000010 + 2Xooiooio + X0000020 + ^Xiiooooi + X3000000 

+ 3xo2ooooo + 3Xooooioi + 3Xiooooo2 + ^Xioioooo + ^Xoooiooo + ^Xiooooio +4X20ooooo 
V^oiooooi + 3Xoooooo2 + ^Xooioooo + 6X0000010 + SXioooooo + Xooooooo 



— X0300000 + 2Xoioiooo + Xooioloo + ^Xiioooio + 2Xooooiio + 2Xioioooi + 3Xo2ooooi + ^Xoooiooi 

+ ^X2iooooo + ^Xiooooii "I" 5Xoioooo2 + X0000003 + 6X0110000 + 8X1000100 + 6X2000001 "I" ^Xoioooio 

+ 12Xooioooi + 12Xiiooooo + ^Xoooooii + UXooooioo + 12Xioooooi + lOXoiooooo + ^Xooooooi 

Z1Z3 = X2oiooo() + X()()2()()()() + 2xiooiooo + 2X2000010 + Xoiooloo + 3X()()i()()i() + X()()()()()2() + ^Xiiooooi 

+ " 
+ 



X201000() • X()()2()()()() I ^XlOOlOOO ^X2000010 I XoiOOlOO I "-"Xooiooio I X()()()()()2() I 

2X3000000 + 2xo2ooooo + 3xooooioi + 2xiooooo2 + 6X1010000 + ^Xoooiooo + 8X1000010 
6X0100001 + 2Xoooooo2 + 5X2000000 + 8X0010000 + ^Xoooooio + ^Xioooooo + Xooooooo 
Xiiioooo + Xoioiooo + X2000100 + 2Xooioioo + 3xiioooio + 2xooooiio + 2xo2ooooi + Xaoooooi 
+ 4xioioooi + 4X0001001 + 5x 1000011 + 5X2 looooo + '''Xoiioooo + 3xoioooo2 + 9Xioooioo 
+ ^Xoioooio + 8X2000001 + 12Xooioooi + 13Xiiooooo + X0000003 + ^Xoooooii + ^^Xooooioo 
■'-2x1000001 "I" '^Xoiooooo "I" ^Xooooooi 

X0210000 Xooiiooo "I" 2xiiooioo "I" X0000200 + 2Xioiooio "I" 2xo2oooio "I" 3xoooioio "I" 2xioooo2 



+ 
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3X2 100001 + SXoilOOOl + 3X2010000 + 6X1000101 + 6X1200000 + 3X2000002 + 3Xo020000 

lOXiooiooo + 6x0100011 + 9X2000010 + 6X0010002 + lOXoiooioo + l^Xooiooio + 3xoooooi2 
22xi 100001 + ^Xaoooooo + ^Xo2ooooo + 5xooooo2o + 16x0000101 + 12xiooooo2 + 16x1010000 
l^Xoooiooo + 23xiooooio + 8X2000000 + 21xoiooooi + I'^Xooioooo + 6x0000002 + 12xoooooio 
7x 1000000 + Xooooooo 

Xi()2()()()() + X2()oiooo "t" 2Xooiiooo "t" 2Xiiooioo ~^ X0000200 X()2()0()io ^" Xaoooolo + ^Xioiooio 

4X2100001 + 3Xoo01010 + X4OOOOOO + 6X0110001 + 5Xl200000 + 6X2010000 + 3Xi00002O + '''X 1000101 

5Xoo2oooo + 4x2000002 + 6X0100011 + 12Xiooiooo + 5Xooiooo2 + 12X2000010 + lOXoiooloo 
3Xoooooi2 + l^Xooiooio + 22xiiooooi + 6x3000000 + 6X0000020 + 20xioioooo + l^Xooooioi 
8X0200000 "I" llXiooooo2 + 18X0001000 + 25xiooooio "I" l^Xoiooooi "I" IIX2000000 + 6X0000002 

16X0010000 + llXoooooio + SXioooooo + Xooooooo 

X0120000 + Xiioiooo + 2xioioioo + X0200100 + 2xoooiioo + 2x2100010 + ^Xoiiooio + 4xi2ooooi 

3X2010001 + ^XlooOllO + 3Xo020001 + 8X1001001 + 6X2000011 + 3Xoi00020 + 3X3100000 + '^Xoiooioi 

lOXooiooii "I" 2Xo30oooo "I" 12xiiioooo 12X2000100 "I" UXoioiooo "I" 10X1100002 + 16Xooioioo 

28x 1100010 + 3Xooooo2i + 8X3000001 + '''X()()()()io2 + 4xiooooo3 + 16X0000110 + 30xioioooi 
14X0200001 + 24X2 looooo + 30xoooiooi + 32Xoiioooo + 32xiooooii + 20xoiooo()2 + 42xioooioo 
4Xoooooo3 + 29x2000001 + 38xoioooio + 46xooioooi + 39xiiooooo + 25xoooooii + 30xooooioo 
30Xioooooi + l'''Xoiooooo + '^Xooooooi 

X0030000 + 2xioiiooo + X0002000 + X2100100 + 3xoiioioo + 2xi2oooio + 3x2oiooio + 3xoo2ooio 
2Xi()()()2()() + 6X1001010 + 3X2()()()()2() + X0300001 + 4xoi()()ii() + 6X0010020 + 2X3100001 + 4x3oioooo 
lOXii 10001 + 9X2000101 + 8X0101001 + X0000030 + 6X2200000 + 12Xooioioi + 9xo2ioooo 
18X1100011 + 8x1020000 + 6x0200002 + 4x3000002 + 1^X2001000 + 18X0011000 + 14Xl010002 
30xi 100100 + lOXooooiii + llXoooo2oo + 14Xoooioo2 + 12X3000010 + 42xioiooio + 42x2iooooi 
13Xiooooi2 + 5x4000000 + 18X0200010 + 36x0001010 + 56x0110001 + 27xioooo2o + 34xi2ooooo 
66X1000101 + '''X0100003 + 29x2000002 + 33x2010000 + 29xoo2oooo + 52xoioooii + X0000004 
45xooiooo2 + '''2X1001000 + 68x2000010 + 61Xoiooioo + 90Xooiooio + 21Xoooooi2 + 112Xiiooooi 
21X3000000 "I" 29xooooo2o "I" '''^Xooooioi "I" 33xo2ooooo "I" '''4Xioioooo "I" 48xiooooo2 "I" '''2Xoooiooo 
88X1000010 "I" 66x0100001 "I" 30x2000000 "I" SOxooioooo "I" l'''Xoooooo2 "I" 30xoooooio "I" 16Xioooooo 
2Xooooooo 

X2001000 + Xooiiooo + 2Xi 100100 + X0000200 + X0200010 + 2xioiooio + 3xoooioio + 2x2100001 
4Xoiioooi + X1000020 "I" 4xi2ooooo "I" 2X2010000 + ^Xioooioi + X2000002 + 3xoo2oooo "I" 4xoioooii 
3Xooiooo2 + '''Xiooiooo "I" 8X0100100 "I" 5x2000010 "I" X0000012 + ^Xooiooio "I" 3Xooooo2o "I" X3000000 
12x 1100001 + 8X0000101 + 8X1010000 + 5Xo2ooooo + llXoooiooo + 4Xiooooo2 + 9Xiooooio 
3X2000000 + 8x0100001 + X0000002 + SXooioooo + 3xoooooio + Xioooooo 
Xiioiooo + Xioioioo + X0200100 + 2xoooiioo + X2100010 + 3xoiiooio + X2010001 + 3xi2ooooi 
2Xoo2oooi + 3Xioooiio + ^Xiooiooi + X3100000 + 3x2ooooii + 2Xo30oooo + 2Xoiooo2o + 6X0100101 
6X0010011 + 7Xi 110000 + 6x 1100002 + 8X()i()i()()() + 2xooooo2i + 4Xooooio2 + 6X2000100 
llXooioioo + l'''Xii()o()i() + 3x30()()()()i + 10Xo2ooooi + 2Xi()()()()()3 + 15x 1010001 + lOXooooiio 
11X2100000 + 18X0001001 + ISXoiioooo + 16X1000011 + 10Xoioooo2 + 2Xoooooo3 + 21Xioooioo 
12X2000001 "I" 20xoioooio + 20xooioooi + l^Xoooooii + I'^Xiiooooo + 12Xooooioo + lOXioooooi 
SXoiooooo + 2xooo()()()i 

X0201000 ~^ Xooo20()() + 2X()^^Q^Qo + X0020010 + X1000200 + 2x 1200010 + 3x looioio + 4Xoiooiio 
X2000020 + 4xiiioooi + 2xo30oooi + 6x0101001 + 3xooioo2o + 3x2oooioi + '''Xooioioi + 2xio2oooo 
3X2200000 + 5x2001000 + lOXiioooii + X0000030 + 5xo2oooo2 + '^Xo2ioooo + 6x0000111 + X3000002 
^Xooiiooo "I" 18Xiiooioo "I" 6X1010002 + '''X0000200 13Xo2oooio "I" 9xoooioo2 + 3x3ooooio 
18X1010010 "I" 18X2100001 "I" '^Xiooooi2 + 21Xoooioio "I" 13Xioooo2o "I" 32xoiioooi "I" 34xioooioi 
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X4000000 + '^Xoioooos ~^ 11X2010000 + X0000004 + 20xi2ooooo + 1^X0020000 + 30Xoioooll 
13X2000002 + 35Xiooiooo + 35xoiooioo + 23Xooiooo2 + IIX0000012 + 26X2000010 + 43xooiooio 
'''X3000000 + 1^X0000020 + 54xiiooooi + 36x0000101 + 18X0200000 + 30xioioooo + 21Xiooooo2 
35Xoooiooo + 37x1000010 + 28xoiooooi + IIX2000000 + '^Xoooooo2 + l^Xooioooo + UXoooooio 
5x 1000000 + Xooooooo 

Xioiiooo + X()()02000 + 1X2100100 + 2XoilolOO + X2OIOOIO + 2Xl200010 + 2Xo020010 + 2Xi()()0200 

^Xiooioio + X3100001 + X0300001 + ^Xoiooiio + 2X2000020 + 6X1110001 + 6X0101001 + Xaoioooo 

4X2200000 + 3Xooi0020 + XoOOOOSO + 4Xl020000 + 5X2000101 + 7X0210000 + 9Xooioioi 

12Xiioooii + 8X2001000 + llXooiiooo + '^Xooooiii + 2X3000002 + 8x1010002 + ^Xsooooio 
21Xiiooioo + 5Xo2oooo2 + 23x 1010010 + 13Xo2oooio + 28x2100001 + 8X0001002 + 8X0000200 
24xoooioio + 2X4000000 + SSXonoooi + 8x 1000012 + 15x 1000020 + 14X2010000 + 4Xoi00003 
38X1000101 + 15X2000002 + 22xi2ooooo + 31Xoioooii + X0000004 + I6X0020000 + 39xiooiooo 
38X0100100 + 31x2000010 + 24xooiooo2 + 46xooiooio + ^Sxnooooi + IIX0000012 + 8X3000000 
18X0200000 "I" 16X0000020 "I" 37xooooioi "I" 23xiooooo2 "I" 33xioioooo "I" 35xoooiooo "I" 38xiooooio 
29Xoiooooi + 12X2000000 + '''X()()()()()()2 + 18X0010000 + 12Xoooooio + ^Xioooooo + Xooooooo 

XoillOOO "T X0O2OIOO I X12OOIOO I Xo30001() + 2x 1001100 + 3Xii 10010 + 2X()i()()2oo + 4Xoioioio 

2Xio2oooi + 2x2000110 + 2x2200001 + 5xooioiio + 5xiiooo2o + 4x2ooiooi + 3xooooi2o + 5xo2ioooi 
'''Xooiiooi + 5x2110000 + 13xiiooioi + 8x0200011 + 5xoooo2oi + 4xi3ooooo + '''X0120000 
2X3000011 + 12Xioiooii + I'^'Xiioiooo + 14Xoooioii + 4x3oooioo + 14Xo2ooioo + 8X2100002 
8X1000021 + 21Xioioioo + 15Xoiiooo2 + I6X1000102 + 25x2ioooio + 20xoooiioo + 41Xoiiooio 
2X4000001 + 36x1200001 + 5x2000003 + 38x1000110 + 21X2010001 + 13Xoi00012 + 24Xoioo020 
9Xooiooo3 + 24xoo2oooi + 62xiooiooi + 58xoiooioi + llXo30oooo + 14X3iooooo + 56xiiioooo 
4Xoooooi3 + 40x2000011 + 64xooiooii 1^X0000021 + 50x2oooioo + 24x3oooooi + 6OX1100002 
53Xoioiooo + '''3X0010100 + 113Xiioooio + 98x 1010001 + 58x2100000 + 38x0000102 + 62xooooiio 
54Xo2ooooi + 102xoooiooi ~^ l^Xiooooos + 87xoiioooo ~^ 95xiooooii + 54xoioooo2 + lOXoooooos 
lOlXioooioo + 89xoioooio + 56x2oooooi + 89xooioooi + 45xoooooii "I" 65xiiooooo "I" 46xooooioo 
39Xioooooi 18X0100000 "I" '''Xooooooi 

X0021000 + X1002000 + 2x 1110100 + 2Xoioiioo + X2000200 + 2xio20oio + X2200010 + 3Xooio20O 
3X2001010 + 3xo2iooio + 5xooiioio + 2xi3ooooi + 4X2110001 + 8x 1100110 + 3Xo2ooo2o + 6X0120001 
X3000020 + 3xoooo2io + 3x2020000 + 12Xiioiooi + 6x1010020 + 3x3000101 + 9Xo2ooioi + 16X1010101 
2X3200000 + X0400000 "I" 3Xoo30ooo "I" 16X2100011 "I" 12Xi2ioooo "I" 5x3001000 "I" '''X0001020 "I" 14Xoooiioi 
26X0110011 + X4000002 + 3xioooo30 + 20xi()ii()()o + llXo2oiooo "I" I6X1200002 + 24xioooiii + IIX2010002 
28x 21()01()() + 13X0002000 + 3X4000010 + 41Xoiioioo + 11X0020002 + 14X0100021 +44x 1200010 + 29xiooioo2 
29X2010010 + l'''X2ooooi2 + 27xiooo2oo + 18Xo30oooi + 26x3100001 + 25xoiooio2 + 33xoo2ooio + '''5Xiooioio 
28X0010012 + '7Xooooo22 + lOOXiiioool + 45x2200000 + 61Xoiooiio + X5000000 + 34x2000020 + 88x0101001 
83X2000101 51Xooioo2o "I" 27x3ooooo2 65xo2ioooo "I" 22xiioooo3 1^X3010000 "I" 14Xooooio3 40xio2oooo 
13Xooooo30 + 119Xooioioi + 82x2001000 + 54x3ooooio + 162xiioooii + 56X0200002 + 84xooooiii + 6x1000004 
106X1010002 + 102X0011000 + 105X0001002 + 184x 1100100 + 90x 1000012 + 65Xoooo2oo + 44xoioooo3 
104xo2oooio ~^ 200xioiooio + 13X4oooooo ~^ 188xoooioio + 183x2iooooi + II8X1000020 ~^ 260xoiioooi 
94X2010000 128X1200000 "I" 95xoo2oooo '''X0000004 "I" 280xioooioi 235xiooiooo 214xoioooii 
104x2000002 + 162xooiooo2 + l''"''X2ooooio + 212x0100100 + 40x3000000 + '''OX0000012 + 261Xooiooio 
304x 1100001 + 82X0000020 + 192X0000101 + 109x 1000002 + 156X 1010000 + 80xo2ooooo + 162Xoooiooo 
172X1000010 "I" 123xoiooooi + 46x2000000 "I" 72X0010000 + 27xoooooo2 + 44xoooooio + 18Xioooooo 
2Xooooooo 

X1002000 + Xiiioioo + 2xoioiioo + X2000200 + X1020010 "I" X2200010 + 2Xooio2oo + X2001010 
2Xo2iooio + 4xooiioio + 2xi3ooooi + 6X1100110 + 3xo2ooo2o + X0400000 + 2X2110001 + X3000020 
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3Xoooo2io + 4Xoi2oooi + 4xioioo2o + 8X1101001 + '''X0200101 + X3000101 + X2020000 

A,3200000 10000 + 2X0030000 + 10x 1010101 + 4X()ooio20 + 2x3001000 + llXoooiioi + 10X2100011 

18X0110011 + X4OOOOO2 + 6X2010002 + 12Xl011000 + 3Xl000030 + 12Xl200002 + 9X0201000 

16X1000111 + 16X2100100 + 8X0020002 + X4OOOOIO + 10X0100021 + 8X0002000 + 17Xl001002 + 12X2000012 

29Xoiioioo + 16X2010010 + 18X1000200 + l'''Xoiooio2 + 30xi2oooio + 20xoo2ooio + I'^Xosooooi + l^Xaiooooi 

A5000000 + 48Xiooioio + 61x 1110001 +20X2000020 + l'''Xo010012 +41Xoiooiio + 14Xll00003 + 34Xooi0020 

28X2200000 + 6X0000022 + 58X0101001 + 8X3010000 + 48X2000101 + 8X0000103 + 8X0000030 
73Xooioioi + 16X3000002 + 23x 1020000 + 100X 1100011 + 35xo2oooo2 + 52xooooiii + 48x2001000 
42xo2ioooo + 63xooiiooo + HOXiiooioo + 62xioiooo2 + ^IXaooooio + 40xoooo2oo + 5xiooooo4 + 67xo2oooio 
114Xioiooio + '''X4000000 + 62xoooioo2 + 54xiooooi2 + 27xoioooo3 + 10'''Xoooioio + '''IX1000020 
103X2100001 + 149X0110001 + 72xi2ooooo + 154x 1000101 + 51X2010000 + 120X0100011 + 49xoo2oooo 
127xiooiooo + 61X2000002 + 5xoooooo4 + 87xooiooo2 + 42xoooooi2 + 93x2ooooio ~^ 113Xoiooioo 
138X0010010 + 158x 1100001 + 42xooooo2o + 98x0000101 + 41Xo2ooooo + 28x3000000 + ^8x1010000 
75Xoooiooo "I" 58X1000002 "I" 87xiooooio "I" 22x2000000 "I" 60xoiooooi "I" 35xooioooo "I" I6X0000002 
21Xoooooio "I" llXioooooo + Xooooooo 

X0102000 + X0210100 + 2xooiiioo + 2xoi2ooio + 2xiioo2oo + X0030001 + X0000300 + X1300010 
4Xiioioio + 4Xo20oiio + 4Xioioiio + 4X 1210001 + 6X0001110 + X0400001 + 6X1011001 + 6X0201001 
3X2100020 + 5xooo2ooi + 7xoiioo2o + 7x2100101 + 6x1000120 + l^Xoiioioi + 4xoiooo30 + 16X1200011 
5x 1120000 + 6X2010011 + 10Xoo2ooii + 10Xiooo2oi + 24xiooioii + 9x2000021 + 4x3100002 + 2X2300000 
9x 2101000 + 6X0310000 + 10X2010100 + 22xoiooiii + 22xiiiooo2 + 18X01 11000 + 6X0300002 + 26x 1200100 
17Xooioo2i + 16X0020100 + 16Xo30ooio + 34xiooiioo + IOX3100010 + 24xoioioo2 + 1^X2000102 + 24xoioo2oo 
8X3010001 + 60xiiiooio + 28x0010102 + 4x3000003 + 60xoioioio + 37xiioooi2 + 40x2oooiio + 38x2200001 
30Xio2oooi + 67xooioiio + 6OX2001001 + 4Xooooo3i + 20xooooii2 + 64xo2ioooi 32xi3ooooo + 69xiiooo2o 
90X0011001 + 20X1010003 + 12Xo2oooo3 + 154x 1100101 + 5x4100000 + 21Xoooioo3 + 32x3000011 + 34xooooi2o 
49x2110000 + 17Xiooooi3 + 54xoooo2oi + 57xoi2oooo + 140xioiooii + 86x0200011 + 94x2ioooo2 
140X0001011 + 38X3000100 + 128x 1101000 + 93xo2ooioo + 80xioooo2i + 144xoiiooo2 + 9Xoioooo4 
152Xioioioo "I" 133Xoooiioo + I6X4000001 "I" 174x2ioooio Xoooooob 258xoiiooio "I" 144Xioooio2 
108X0100012 + 230x 1000110 + 131X2010001 + 135Xoiooo20 + 137Xoo2oooi + 44x2ooooo3 + 200xi2ooooi 
338X1001001 + 70Xooiooo3 + 67x3100000 + 46Xo300ooo + 242xii 10000 + 294x0100101 + 209X 2000011 
30Xoooooi3 + 315xooiooii ~^ 206x2000100 + 216xoioiooo + 272xiioooo2 + 292xooioioo + 90x3oooooi 
426x1100010 "I" 88x0000021 "I" 163Xooooio2 "I" 77xiooooo3 "I" 182Xo2ooooi "I" 342xioioooi 174x2100000 
223xooooiio "I" 336x0001001 "I" 248xoiioooo + 304xiooooii "I" I6OX0100002 280x 1000100 "I" 144x2oooooi 
28X0000003 + 234xoioooio + 222x0010001 + 107xoooooii + 144xiiooooo + 98xooooioo + 80xioooooi 
35Xoiooooo + 12Xooooooi 

X0012000 + X0120100 + X0030010 + 2xiioiioo + 2xioio2oo + X0200200 + 3xoooi2oo + 2xi2iooio 
3Xo2oioio + 4xioiioio "I" 3Xooo2oio + X2300001 + 4x2iooiio + lOXoiioiio + 4Xii2oooi + 6X1200020 

6X2101001 + 3X2010020 + 4X()()20020 + 6X1000210 + 2x 1030000 + 3Xo3 10001 + 12Xoiiiooi + llXl001020 
7X2010101 + 12Xo020101 + 2X 1400000 + 16X1200101 + 23Xiooil01 + 6X3100011 + 9Xoio0120 + 5X2210000 
3X2000030 + 9X2011000 + 16X0100201 + 4X3010002 + 36X1110011 + 8X0300011 + 7Xo010030 + 9Xo220000 

18X1201000 + 12Xoo2iooo + 19Xioo2ooo "I" 35xoioioii + IOX3100100 + X0000040 + I6X2200002 + 14Xio2ooo2 

28X0210002 + 14Xo30oioo + 24x 2000111 + IOX3010010 + 56xiiioioo + 40xooioiii + 28x2001002 + 27x2ooo2oo 
44X2200010 +38X1020010 +48xoioiioo + 71Xo2iooio +39Xooiioo2 +68X2001010 + 42Xooio2oo + 102xooiioio 
13X3000012 + 38x1100021 + 19X0000121 + 66x 1100102 + 33Xo200012 + 22Xo000202 + 8X4100001 + 5X4010000 
58X1010012 + 58x0001012 + 154xiiooiio + 51Xoooo2io + 84x2iioooi + 29x202oooo + 30xioooo22 + 50xi3ooooi 

25X3000020 + 64Xo200020 + 108X1010020 + 34X2100003 + 51Xoil0003 + 60X3000101 + 51Xl000103 + 95Xoi20001 

13X2000004 + 32X3200000 + 101Xoooio2o + 206x1101001 + 13Xo4ooooo + 50xioooo30 + 56x3001000 
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+ 238X1010101 + 130x 

1210000 + 139xo2ooioi + 240x2100011 + 203xoooiioi + 354xoiiooii + l'''X4ooooo2 

+ 36xoioooi3 + 30xoo3oooo + 113xo2oiooo + 190xioiiooo + 136x2oiooo2 + 304xioooiii + 166xoiooo2i 

+ 260x2100100 "I" 23xooiooo4 + 116xooo2ooo ~^ 144xoo2ooo2 + 365xoiioioo ~^ 203xi2oooo2 + 32x4ooooio 

+ 223x1000200 + 342x1001002 + 287xoiooio2 + 8X0000014 + 252x2oiooio + IS^Xsiooooi + 255xoo2ooio 

+ 368x1200010 + 594x 1001010 + 193X2000012 + 708xi 110001 + '''Xboooooo + 452xoiooiio + 289xooiooi2 

+ '''5X0000022 + 245x2000020 + 252X2200000 + 556X2000101 + 134xo3ooooi + 220xiioooo3 + 127xooooi03 

+ 602xoioiooi + I6OX3000002 + 92X3010000 + 347Xo2ioooo + 366Xooioo20 + 217xio2oooo + ''"''^Xooioioi 

+ 1005x1100011 + 429x2001000 + 604x 1010002 + 79xooooo30 + 317xo2oooo2 + 538xooiiooo + 494xooooiii 

+ 924x 

1100100 + 317xoooo2oo + 498x0200010 + 265x3000010 + 946xioiooio + 53xiooooo4 + 583xoooioo2 

+ 857xoooioio + 469xiooooi2 + 517X 

1000020 + 216X0100003 + 789x2 100001 + 49x4000000 + 1108X0110001 

+ 346x2010000 + 338X0020000 + 462xi2ooooo + 1140X1000101 + 837xiooiooo + 389x 2000002 + 834xoioooii 

+ 583x2000010 "I" 586x0010002 + 724xoiooioo + 862xooiooio ~^ 114X30ooooo ~^ 31Xoooooo4 + 93Qxiiooooi 

+ 244xoooooi2 + 248xooooo2o "I" 221xo2ooooo + 568xooooioi "I" 296xiooooo2 + 426xioioooo "I" 424xoooiooo 

+ 440xiooooio "I" 293xoiooooi "I" 6IX0000002 "I" IOOX2000000 "I" 162Xooioooo "I" 89xoooooio "I" 35xioooooo 

+ 3xooooooo 

^4 = X0003000 + 2xoiiiioo + X0020200 + X1200200 + X0220010 + 3xoo2ioio + 3xi2oioio + 3xiooi2oo 

+ 2Xoi30001 + X0O4OOOO + 2Xo300110 + 3Xl002010 + 8X1110110 + 2Xoi00300 + lOXoiOlllO + 3X2200020 

+ 2Xl3l0001 + 3Xl020020 + 3X2000210 + lOXllllOOl + 9Xooi0210 + 7X2001020 + 9X0210020 + 4Xo301001 

+ 8X0102001 + 9x2200101 + 6X1220000 + 9Xio2oioi + 21Xo2ioioi + 12Xooiio2o + 12X2001101 + 27xooiiioi 

+ X2400000 + 18X1100120 + 18X2 110011 + 6X0000220 + 9X2201000 + 16Xl300011 + 30xi 100201 + X3OOOO3O 

+ 9xio2iooo + 6X2020002 + 6X0200030 + 10Xl010030 + 30X0120011 + 62x 1101011 + 6X3200002 + 10Xo030002 

+ 42xo2ooiii + lOXoooosol + lOXsoooiii + 5Xo4oooo2 + 62xioioiii + IIX2002000 + 3Xo4ioooo + 21Xo2iiooo 

+ 13X3001002 + 13Xoooio30 + 27x2110100 + 18X0012000 + 18X2020010 + 45Xoi2oioo + 26x1300100 + 15Xo4oooio 

+ 82xiioiioo + 45xo2oo2oo + 24xoo30oio + IIX3000200 + 42xi2iooo2 + 64xioio2oo + 42xo2oioo2 + 58xoooiiii 

+ 42X2100021 + 18X3200010 + 58X1011002 + 73X2100102 + 73Xoil0021 + 27X3001010 + 39Xo002002 + 4X4000012 

+ 4xioooo4o + 55xoooi2oo + 57xioooi2i + 117Xoiioio2 + IO8X1210010 + 99xo2oioio + 144xioiioio + 28xoiooo3i 

+ 98x1200012 + 32X3110001 + 65Xiooo202 + 54x2300001 + 93xo3ioooi + 57x2oiooi2 + 124Xii2oooi + 65Xoo2ooi2 

+ 99xooo2oio + 165X2100110 + IOX3020000 + 156X 1001012 + 25xo3()()()()3 + 51X2000022 + 9X4000020 + 264xoiioiio 

+ 183xi2ooo2o + 28x3100003 + 210X2101001 + 144Xi()()()2i() + 102X2010020 + 119Xoiooii2 + 2IX4000101 

+ 119xiiiooo3 + 87xooioo22 + 306x0111001 + 126X0020020 + 270xiooio2o + 387xi2ooioi + 87x2oooio3 

+ 106x0101003 + 174Xo30ooii + 225x2010101 + 16X3000004 + 34xio30ooo + 255xoo2oioi + 204xoiooi2o 

+ 522xiooiioi + 128X0010103 + 87x2000030 + IOX4200000 + 39Xi4ooooo + 303xoioo2oi + I2OX2210000 

+ 150xi 100013 + 196X3 100011 + 21X4001000 + 169X201 1000 + 133Xo010030 + 5X5000002 + 800X 1110011 

+ 102x3010002 + 137xo22oooo + 208x3100100 + 504x2000111 + 9X50oooio + 288x1201000 + 186X0021000 

+ 16X0000032 + 279xioo2ooo + 336x2200002 + 793xiiioioo + 282xio2ooo2 + 39xo2oooo4 + 678Xoioioii 

+ 594x2200010 + 738x0010111 + 357x2000200 + I8IX0300100 + 72Xioiooo4 + 489xo2iooo2 + 534x2ooioo2 

+ 72xooooii3 + 186X3010010 + 678X 1100021 + 27X()()()()04o + 706x0011002 + 498x1020010 + 243x3000012 

+ 76x0001004 + 604x0101100 + 1116x 1100102 + 862x0210010 + 936x 1010012 + 299Xooooi2i + 50Xiooooi4 

+ 133X4100001 + 357x0000202 + 508xooio2oo + 918x2ooioio + 996x2 110001 + 2X6000000 + 1173xooiioio 

+ 528x1300001 + 519Xo2oooi2 + 306x3200000 + 1728x1100110 + 852xoooioi2 + 1007xoi2oooi + 305x3oooo2o 

+ 2121x1 101001 + 684X 3000101 + 432X 1000022 + 507xoooo2io + 1158X1010020 + 636xo2ooo2o + 509x2ioooo3 

+ 21xoioooo5 + 1311Xo2ooioi + 1029xoooi02o + 57x4oioooo + 2382xioioioi + 1893xoooiioi + 104xo4ooooo 

+ 279x2020000 + 1056x 1210000 + 456X 1000030 + 738X0110003 + 503X 3001000 + 2X0000006 + 162X4000002 

+ 236x0030000 + 22 84x 2100011 + 694xioooio3 + 840xo2oiooo + 1532x 1011000 + 1200x2010002 + 3174xoiiooii 

+ 26 22x1000111 + 1671X 1200002 + 171X2000004 + 274x4000010 + 20 24x2iooioo + 895xooo2ooo + 1194Xoo2ooo2 

+ 462xoioooi3 + 1851X2010010 + 2664xoiioioo + 264xooiooo4 + 2544xi2oooio + 42x6oooooo + 95Xoooooi4 
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•0100102 
100003 
^2000101 
'2001000 



1815X0020010 + 1594x1000200 + 2807xiooioo2 + 4050xiooioio + 1335xoiooo2i + 1467x2ooooi2 + 2217x 
2160x0010012 + 2936x0100110 + 504xooooo22 + 815xo30oooi + 1599x2oooo2o + ISSOxaiooooi + 1536xiic 
44 95x1110001 + 22 62x 0010020 + 470xooooo30 + 1351X22ooooo + 3652xoioiooi + 526x3oioooo + 3390x2oc 
886x3000002 + 1827x0210000 + 1187xio2oooo + 846xooooio3 + 4622xooioioi + 318xiooooo4 + 2319x2ooi 
5700X1100011 + 1308x3000010 + 2793xooiiooo + 4668xiiooioo + 2682xooooiii + 1674xo2oooo2 + 3220x 1010002 
1522xoooo2oo + 4590xioiooio + 3561x2iooooi + 3004xoooioo2 + 2350xo2oooio + 2303x 1000012 + 4074xoooioio 
209x4000000 + 987Xoi()ooo3 + 2292x 1000020 + 1398X 2010000 + 49 27X0110001 + 49 17xioooioi + 1853x 1200000 
131Xoooooo4 + 3432xoioooii + 1517x2ooooo2 + 1379xoo2oooo + 2292xooiooo2 + 3288xiooiooo + 2187x2ooooio 
879xoooooi2 + 361x3000000 + 2781Xoiooioo + 3168xooiooio + 3242xiiooooi + 702xo2ooooo + 875xooooo2o 
1372X1010000 + 1905X0000101 + 924x 1000002 + 1366xo„„i„„„ + 1311X 1000010 + 276x2000000 + 835xoiooooi 
424X0010000 + 151Xo()()()()()2 + 228x oooooio + 75xioooo()o + 7Xooooooo 

X2000100 + Xooioioo + 2Xiioooio + 2Xooooiio + X0200001 + 2Xioioooi + 2X2100000 + 3Xoooiooi 
4Xoiioooo + 4Xiooooii + 3xoioooo2 + 6X1000100 + 7Xoioooio + 4x2oooooi + 8x0010001 + Xoooooos 
Xiiooooo + 6X0000011 + 8X0000100 + '7Xioooooi + 4Xoiooooo + 2Xooooooi 

-1100100 + Xo2()()()i() + Xioioolo + Xo()()()2()() + 2Xoooioio + 2Xioooo20 + X2100001 + 3Xoii()()()i 



Xiiooioo + Xo2()()()i() + Xioioolo + Xo()()()2()() + 2Xoooioio + 2Xioooo20 + X2100001 + 3Xoii()()()^ 
4Xioooioi + X2010000 + 2X2000002 + 3Xi2ooooo + 2Xoo2oooo + 5Xiooiooo + 5Xoioooii + 5X2ooooio 



^Xioooioi "T X2010000 I ^X20oooo2 I ■JX1200000 ^Xoo20ooo "T ^Xiooiooo I 'JXoioooii I JX200001C 
7Xoiooioo + 4Xooiooo2 + lOXooiooio + 3Xoooooi2 + 14Xiiooooi + 5Xooooo2o + 6X0200000 + 12Xoc 
2X3000000 + 9Xioioooo + 9xiooooo2 + 12Xoooiooo + 16Xiooooio + 6X2000000 + 14Xoiooooi + lOXooioooo 
5Xoooooo2 + 8X0000010 + 4Xioooooo + Xooooooo 

X0200100 + Xoooiioo + 2Xoii()()i() + X0020001 + 2Xioooiio + 3Xoiooo20 + 2Xi20oooi + 2Xo30oooo 
3Xiooiooi + 5Xoiooioi + 2X2000011 + 4Xiiioooo + 6X0010011 + 6X0101000 + 3Xooooo2i + 4X2oooioo 
6X1100002 + 8X0010100 + 6x0000102 + 16X1100010 + 2X3000001 + llXooooiio + 3Xl000003 + 10X0200001 
14Xioioooi + 11X2100000 + 20Xoooiooi + 18Xoiioooo + 22Xiooooii + 25xioooioo + I6X0100002 + I6X2000001 
4Xoooooo3 + 26x0100010 + 30xooioooi + 24xiiooooo + 19Xoooooii + 22xooooioo + 20xioooooi + UXoiooooo 
5Xooooooi 

Xioioioo + Xoooiioo + X2100010 + X2010001 + 2Xoiiooio + 2Xi2ooooi + 3Xioooiio + X0300000 
2Xoo2oooi + 4Xiooiooi + X3100000 + 2xoiooo2o + 4X2ooooii + 5Xoiooioi + '7Xooiooii + 6X1110000 

7Xii()()()()2 + 6X0101000 + 3Xooooo2i + 5Xooooi02 + 6X20()()i()() + lOXooioioo + ISXnoooio + 4X300000i 
12Xoo()()ii() + 18X1010001 + 4Xioo()()()3 + 13X2100000 + 10Xo2()()()()i + 20xoooio()i + 23Xio()()()ii + 21Xoiioooo 
15Xoioooo2 + 27xioooioo + 27xoioooio + 19X2oooooi + 30xooioooi + 4Xoooooo3 + 25xiiooooo + 19Xoooooii 
19Xooooioo + 20xioooooi + lOXoiooooo + 5Xooooooi 

Xoiioioo + X0020010 + X1000200 + X1200010 + X0300001 + 2xiooioio + 3Xoiooiio + 3Xiiioooi 

4Xoi01001 + X2OOOO2O + 2Xl020000 + 3X0010020 + 3X2000101 + 6X0010101 + lOXllOOOll + 4Xo200002 

2X2200000 + 4X2001000 + X0000030 + 5Xo2ioooo + 7Xooooiii + 7Xooiiooo + X3000002 + 15Xiiooioo 
7Xioiooo2 + 6X0000200 + 12Xo2oooio + 9Xoooioo2 + 3X3000010 + 18X1010010 + 9Xiooooi2 + 21Xoooioio 
19X2100001 + 16X1000020 + 32Xoiioooi + 6X0100003 + 39xioooioi + X0000004 + X4000000 + 36Xoioooii 

12X2oi()()()() + 20x 1200000 + 13Xoo20ooo + 17X2000002 + 38X1001000 + 31Xooiooo2 + 33x2000010 + 39xoiooioo 

17XoOOO()12 + 9X3000000 + 53x OOlOOlO + 70x 

1100001 + 20Xooooo20 + 41Xioioooo + 21Xo20()()()() + 52Xooooioi 
34X1000002 + 46x0001000 + 56x 1000010 + 46xoiooooi + 12Xoooooo2 + 17X2oooooo + 30xooioooo + 21Xoooooio 
lOx 1000000 + Xooooooo 

X0020100 + Xiooiioo + X0100200 + 2Xiii()()io + 2Xoioioio + 2X2000110 + 2Xio20ooi + X2200001 
4X0010110 +4x 1100020 + 3Xooooi2o + 3X2001001 + 3Xo2i()ooi + 5Xooiiooi + 10x 1100101 + 4X2 110000 
2X3000011 + 4Xoooo2oi + 2Xi30oooo + 6X0120000 + 6X0200011 + 12Xiioiooo + 12x 1010011 + 4X3000100 
10Xo2ooioo + 9x2100002 + 13Xoooioii + 18X1010100 + 9xioooo2i + 14Xoiiooo2 + 23x2100010 + 16Xooo 
37Xoiiooio + 2x4000001 + l'7Xioooio2 + 32Xi2ooooi + 38xioooiio + 22X2010001 + 6X2000003 + 14Xoio 
26X0100020 + 12Xooiooo3 + 24xoo2oooi + 62xiooiooi + IOX0300000 + 14X3iooooo + 46x2ooooii + 58Xi 



'0001100 
'0100012 
•0100101 
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^Xoooooia + 56xiiioooo + 5^X2000100 + "^^Xqidj^oqq + 29x3oooooi + '''^Xooiooii + '''^Xooioioo + 24xooooo2i 
100002 + 127X 1100010 + 48X0000102 + 60X0200001 + HSx 1010001 + 72x 

2100000 + '''^Xooooiio + 124xoooiooi 
104x0110000 + 26x 1000003 + 126x1000011 + 75Xoioooo2 + 130xioooioo + 118X0100010 + 1^X0000003 
78x2000001 + 126x0010001 + 68x0000011 + 92xiiooooo + 71xooooioo + 62xioooooi + 30xoiooooo + 12Xooooooi 
Xiooiioo + X0100200 + Xiiiooio + 2xoioioio + X2200001 + X1020001 + X2000110 + ^Xooioiio 

X2OOIOOI + 3Xii()()()20 + 2Xo210001 + ^XooilOOl + 2Xoo00120 + ^XllooiOl + 4X0000201 + 5X()200011 

2X2110000 + X3000011 + ^Xioiooii + 5X2100002 + 2Xi3()()ooo ~^ 4X()i2oooo + 8X1101000 + X3000100 
8X0200100 + 9Xoooioii + llXioioloo + 12Xoooiioo + 6x1000021 + IOX0110002 + IOX1000102 + 13X2ioooio 
X4000001 + 25xoiiooio + 22xi2ooooi + IIX2010001 + 4x2ooooo3 + ^Xosooooo + 9Xoioooi2 + 24xioooiio 
1^X0020001 + 3^X1001001 + 1^X0100020 + 38x0100101 + 6X0010003 + 3Xoooooi3 + 25x2000011 + "^Xsiooooo 
33Xiiioooo + 28X2000100 +43xooiooii + l^Xsoooooi + 34X0101000 + 14X0000021 + 40x 1100002 + 47xooioioo 
73xi 100010 + 37xo2ooooi +26x0000102 + 42xooooiio +63xioioooi + 37x2iooooo +66x0001001 + 14Xiooooo3 
65Xiooooii + 56x0110000 + 37xoioooo2 + 65xioooioo + 38x2oooooi + 59xoioooio + 59Xooioooi + 42xiiooooo 
^Xoooooos + 31Xoooooii + 29Xooooioo + 27xioooooi + l^Xoiooooo + ^Xooooooi 

XoiOllOO + X()()10200 + X()210010 + 2Xo011010 + 3Xll00110 + 2Xoi20001 + 2Xo000210 + 2Xo200020 

X0030000 + 2Xioioo2o + 4Xoooio2o + X1300001 + 2Xioooo30 + X0400000 + 4Xiioiooi + SXioioioi 
4Xi2ioooo + 5Xo2ooioi + 7Xoooiioi + 5X2ioooii + 3X2oiooo2 + 13Xoiiooii + 6X0201000 + 6X1011000 
5Xooo2ooo + 8X2100100 + 12Xioooiii + 5Xoo2ooo2 + l^Xoiioioo + 8X1200002 + 22xi2oooio + 9Xoiooo2i 
8X2010010 + 14Xiooioo2 + 14Xoo2ooio + 8X2000012 + 15Xoiooio2 + 12Xiooo2oo + 34Xiooioio + 7X3iooooi 
15X2000020 + 4X3010000 + llXosooool + 16X0010012 + 13Xll00003 + 5Xooooo22 + 9Xooooio3 + 44xi 110001 
34Xoiooiio + 49Xoioiooi + 4x 1000004 + 2OX2200000 + 29Xooioo2o + 36x2oooioi + 63Xooioioi + ^OXnoooii 
35Xo2ioooo + 16X1020000 + 34x2001000 + IIX3000002 + 8X0000030 + 52xooooiii + 52xooiiooo + 57xioiooo2 
97Xi 100100 + 35Xo2oooo2 + 22X3000010 + 64Xoooioo2 + 63Xo2oooio + 56Xiooooi2 + 103Xioiooio + 95x2iooooi 
5X4000000 + 37xoooo2oo + 108xoooioio + 30xoioooo3 + 70xioooo2o + 150xoiioooi + 163xioooioi 
73Xi2ooooo + 134xoioooii + 47x2oioooo + 6IX2000002 + 51Xoo2oooo + 133xiooiooo + IOOX2000010 
101Xooiooo2 + 128X0100100 + 158X0010010 + 5Xoooooo4 + 185xiiooooi + 22X3000000 + 93xioioooo 
47Xoooooi2 + 52Xooooo2o + 122Xooooioi + 70Xiooooo2 + 50Xo2ooooo + ^Sxoooiooo + 108Xiooooio 
79Xoiooooi + 28x2000000 + 46X()oioooo + I8X0000002 + 28X0000010 + 12Xioooooo + Xooooooo 
Xooiiioo + X1100200 + X0120010 + X0030001 + 2Xiioioio + 3Xioioiio + X0000300 + 2Xo20oiio 
2Xi2ioooi + 4Xoooiiio + 3Xo2oiooi + 4Xioiiooi + 2X2100020 + 5Xoiioo2o + 3Xooo2ooi + X2300000 
5X2100101 + 5X2010011 + 5Xioooi2o + 12Xoiioioi + 4Xii2oooo + 3Xoiooo30 + 8X0020011 + 6X2101000 
8X2010100 + 8X1000201 + llXi2oooii + 3Xo3ioooo + 4Xo30ooo2 + 20X1001011 + 19Xoiooiii + 12Xoiiiooo 
18X1200100 + 3X3100002 + 8X2000021 + llXo30ooio + 19Xiiiooo2 + 20xoioioo2 + 16X0010021 + 13Xoo2oioo 
4Xooooo3i + 26x1001100 + 16X2000102 + 19Xoioo2oo + 8X3100010 + 49xiiiooio + 49xoioioio + 26x0010102 

35xi 100012 + llX0200003 + 4X3000003 + 31X2200001 + 53Xo210001 + 35X2000110 + 7X3010001 + 27Xl020001 

60Xooioiio + 20Xioiooo3 + 54x2ooiooi + 4X4iooooo + 81Xooiiooi + 20Xooooii2 + 23Xoooioo3 + 18Xiooooi3 

64x 1100020 + 142X 1100101 + 34X0000120 + 30X 3000011 + 138x 1010011 + 53xoooo2oi + 26xi3ooooo + 94x2ioooo2 
44X2 110000 + 81Xo20ooii +36X3000100 + 140X()()oioii + 9X()ioooo4 + 84Xioooo2i + 52Xoi2oooo + 117Xiioiooo 
87Xo2ooioo + 147xioioioo + 15X4oooooi + 131Xoooiioo + 147xoiiooo2 + 172x2ioooio + 260xoiiooio 
154xioooio2 + 118X0100012 + X0000006 + 204x 1200001 + 48x2ooooo3 + 79Xooiooo3 + 34Xoooooi3 
135X2010001 + 242x 

1000110 + 144xoo2oooi + 147xoiooo2o + 69x3iooooo + 361xiooiooi + 261Xiiioooo 
230x2000011 + 229x 2000100 + 322X()i()()ioi + 357xooiooii + 48xo300ooo + 235xoioiooo + 313xiioooo2 
102x3000001 + 331Xooioioo + 103xooooo2i + 491Xiioooio + 195xooooio2 + 404xioioooi + 266xooooiio 
215xo2ooooi + 409xoooiooi + 92xiooooo3 + 376xiooooii + 201Xoioooo2 + 208x2100000 + 304xoiioooo 
351Xioooioo + 36xoooooo3 + 182x2oooooi + 300xoioooio + 289xooioooi + 140Xoooooii + 190Xiiooooo 
133Xooooioo + 107x 1000001 + 46Xoiooooo + 16Xooooooi 
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Xooo2ioo + X0110200 + 2Xoiiioio + 2Xoo20iio + X1000300 + 2x 1200110 + X0220001 + ^Xiooiiio 

4X()1()()21() + 3X0021001 + X03OOO20 + 2Xoi30000 + 4x 1110020 + 3Xl201001 + 6X0101020 + 3Xl002001 

lOXi 110101 + 3x2000120 + 7xooioi2o + 3xo3ooioi + 2xi3ioooo + 6x1020011 + 12xoioiioi + 6X2200011 

4X0301000 + 4X2000201 + 6X1100030 + lOXlllloOO + 8X0102000 + 12Xooi0201 + 16X0210011 + 11X2001011 

10Xio2oioo + 4xooooi30 + 23xooiioii + 9X2iiooo2 + 8X1300002 + 36x1100111 + 10X2200100 + 16X0120002 

14X()()()()211 + 24Xo210100 + 14X2001100 + 22X1300010 + I6X02OOO21 + 3X3000021 + 10Xo400001 + 24Xioio021 

35Xii()i()02 + '''X3000102 + 24x2110010 + 12X2020001 + SOXoomoo + 36Xiioo20o + 28X0200102 + 40Xioioio2 
28X0001021 + 41Xoi2ooio + 12Xoooo30o + 85xiioioio + ISXoosoooi + 39xoooiio2 + 14X30ooiio + 38x2ioooi2 
90Xioioiio + 13Xioooo3i + X4000003 + 12X3200001 + 62xo2ooiio + 87xoooiiio + 66x0110012 + 22x3001001 
33Xi2oooo3 + 1^X2010003 +80x 1210001 

+ 58x 1000112 + 80xo2oiooi + 68X2100020 + 28x2300000 + 34xoiooo22 

114Viniinn-| + 22y nn^nnno + 58T 1 n(^-i tM\'j I L ZiXJx (\-\ 1 nnnn 



^ iU±±uu± ' ^vuuzuuu^^ ' — iuuiuu,-* ' ^v,ui luuzu ■ — -^zuuuui,-* ' ^v,z±uuiui ' — 

98X1000120 + 246x0110101 + 49xo3ioooo + 51Xoiooio3 + IOX4000011 + 148xiooo2oi + 128X: 
66X1120000 "I" 230xi2oooii "I" 116X2101000 "I" 51Xooiooi3 "I" 13X4oooioo 1^4xoiiiooo "I" 13Xi 
53Xoiooo30 "I" 1^6X0020011 "I" '^4x3100002 "I" 362xiooioii "I" 237xi2ooioo "I" 134x2oioioo "I" 14C 

324xiiiooo2 + 135X3i()()oi() + 1^8X0020100 + 68X()3{)()()()2 + 36Xiioooo4 + 296xoiooiii + 226 
246x2000102 + 328X1001100 + 204xoioo2oo + 52Xooooo3i + 298xoi()i()02 + 374xooioio2 + 4X500000i 
23X0000104 + 124X0300010 + 58x3ooooo3 + 466x 1100012 + 570xi 110010 + 96x3010001 + 386x2000110 
138x0200003 "I" SOlXoioioio "I" 324x2200001 "I" 574xooioiio 274xio2oooi 489xo2ioooi "I" 576xiiooo2o 
44X4100000 + 540x 2001001 + '''20xooiiooi + 277x3ooooii + 1202xiiooioi + 8X1000005 + 246xioiooo3 
236x0000112 + 187x 1300000 + 250x0001003 + 271X0000120 + 354x2 llOOOO + 194X 1000013 + 405X0000201 
366X0120000 + 1096x 1010011 + 689x 2100002 + 804x 

1101000 + 610xo2oooii + 1031Xoooioii + 538xo2ooioo 
571Xioooo2i + 270x3000100 "I" 974xioioioo "I" 100'''Xoiiooo2 + 1067x2ioooio "I" IOOX4000001 "I" 86x0100004 
810X0001100 + 1003X 1000102 + 12Xoooooo5 + 1516X0110010 + '^62x2010001 + ''"^8X0020001 + 1347xioooiio 

712X0100012 + 1082X 1200001 + 1872X 

1001001 + 752x0100020 + 212xo3ooooo + 1574xoiooioi + 283x2ooooo3 
334x3100000 + 1116X2000011 + 446x0010003 + 1182x 1110000 + 176X0000013 + 991X2000100 + 1012X0101000 
1660x0010011 + 442x0000021 + 1383xooioioo + 1356xiioooo2 + 1948xiioooio + 794xooooio2 + 1002xooooiio 
394x3000001 "I" 779xo2ooooi "I" 1494xioioooi "I" 1461Xoooiooi "I" 690x2iooooo "I" 348xiooooo3 "I" 1263xiooooii 
990x0110000 + 631X()i()()0()2 + 1096xi()o()ioo + 890xoioooio + 522x2oooooi + 808xooioooi + 492xiiooooo 
101Xoooooo3 + 368X()()()()()ii + 332xo()()()io() + 246xioooooi + 98X()i()()()()() + 32xooooooi 
X1000200 + Xiooioio + 2xoiooiio + X2000020 + Xiiioooi + 2xoioiooi + 2xooioo2o + X2000101 
X1020000 "I" 4xooioioi "I" 6X1100011 "I" X3000002 + X2200000 "I" X2001000 + X0000030 "I" 6X0000111 
2Xo2ioooo "I" 4xooiiooo + 3xo2oooo2 + 8X1100100 "I" 4xioiooo2 + 6X0001002 + 7Xl000012 + 5Xoo00200 
7Xo20ooio + X3000010 + lOXioioolo + 4xoioooo3 + X0000004 + 14Xoooioio + 12Xioooo20 + IOX2100001 
20Xoiioooi + 25xioooioi + X4000000 + 12Xi2ooooo + 26xoioooii + 6x2010000 + 8X0020000 + 12X2000002 
21Xooiooo2 + 22xiooiooo + 20x2000010 + 27xoiooioo + 13Xoooooi2 + 36xooiooio + 6x3000000 + 46xiiooooi 
16X0000020 "I" 26x1010000 "I" 15Xo2ooooo "I" 35xooooioi "I" 25xiooooo2 "I" 29xoooiooo "I" 38xiooooio "I" 31Xoiooooi 
10Xoooooo2 + 12X2000000 + 19X()oi()()0() + 14Xoooooio + 8X1000000 + Xooooooo 
X0100200 + Xoioioio + 2xooioiio + 2Xiiooo2o + X0210001 + 2Xooiiooi + 4Xiiooioi + 3xooooi2o 
2Xoi2oooo + 4xioiooii + 3xoooo2oi + 4Xo2oooii + X1300000 + 8x0001011 + 3x2ioooo2 + 6X1000021 
4Xiioiooo + 7xoiiooo2 + lOx 1000102 + 3x2ooooo3 6X1010100 + 6X0200100 + 8X0001100 + 7x2ioooio 
19Xoi 10010 + 10X0100012 + 16x 1200001 + 6X0300000 + 7Xooiooo3 + 6X2010001 + 10X0020001 
20Xi()()oiio + 18X0100020 + 30x 1001001 + 4X3100000 + 4xoooooi3 + 36xoiooioi + 22x2ooooii + 44xooiooii 
24Xiiioooo + 30xoioiooo + 26x2000100 + 42xiioooo2 + I8X0000021 + 34xooooio2 + 42xooioioo + 18Xiooooo3 
73Xiioooio + 48xooooiio + 12X30ooooi + 64xioioooi + 38x2iooooo + 38xo2ooooi + 77xoooiooi + 81Xiooooii 
52Xoioooo2 + 60xoiioooo "I" 80xioooioo "I" 46x2oooooi "I" 77xoioooio "I" 82xooioooi "I" UXoooooos + 48xoooooii 
58X1100000 + 47xooooioo "I" 42xioooooi + 22xoiooooo "I" 8X0000001 



28 



Xooio2oo + Xooiiolo + 2Xiiooiio + X0200020 + X0120001 + X0030000 + 2Xioioo2o + 2Xiioiooi 
2Xo()0()2io + ^Xioioioi + 3xq()Q]^q2() + 3X(,2()()i()i + Sxoooiioi + 2xi2ioooo + ^Xioiiooo + ^Xiooooao 
3Xo2oiooo + 4x2100011 + lOXoiiooii + 12xioooiii + 3x2oiooo2 + 6X1200002 + 3Xooo2ooo + 6x2100100 

4X0020002 + I^Xqiiqiqq + 13Xl001002 + 9X0100021 + 9X2000012 + 16X1200010 + 7X2010010 + 12Xo020010 

14Xoiooio2 + 10Xiooo2oo + 29xiooioio + l'''Xooiooi2 + 6x0000022 + 8x0300001 + 31Xoiooiio + l^Xnoooos 

6X3 100001 + 15x2000020 + ^Xsoioooo + 30xooioo2o + 38x1110001 + 42xoioiooi + 36x2000101 + lOXoooooao 
16X2200000 + 30xo2ioooo + 14Xi()20()0() + 61Xooioioi + 1^X3000002 + l^Xooooios + 32x2ooiooo + ^^Xnoooii 
35X0200002 + 48x0011000 + 94x 1100100 + 64X0200010 + 62x 1010002 + 23x3000010 + 5Xiooooo4 + SSxooooiii 
''^2X0001002 + 108X1010010 "I" 102X2100001 "I" 69xiooooi2 + 38xoioooo3 "I" 39xoooo2oo "I" 5x4oooooo "I" 116Xoooio: 
83Xioooo2o + 161Xoiioooi + '''9Xi2ooooo + l^lXioooioi + '''5X2ooooo2 + 52x2010000 + 56x0020000 + 164Xoioo 
130Xooiooo2 + 7X0000004 + 152Xiooiooo + 149X()i()()i()() + 123x2ooooio + 66X()()()()()i2 + 196X()oiooio 



1000002 
'0000010 



100102 
'2100003 



28X3000000 "I" 236x1100001 + 69xooooo2o "I" 167xooooioi ~^ 68x0200000 ~^ 120Xioioooo ~^ lOOx 
133xoooiooo "I" 153xiooooio "I" 116Xoiooooi + 40x2oooooo "I" ^IXooioooo "I" 28x0000002 + 45xo( 
19Xioooooo "I" 2Xooooooo 

X0OOI2OO + X0OO2OIO + 2Xoil0110 + X()02()020 + 2Xoii 1001 + 2x i()()()2i() + 3X()()2oioi + X1200020 
3Xiooio2o + X0220000 + 3xi2ooioi + 3xoo2iooo + 5x 1001101 + 4xoiooi2o + 2xo3oooii + 6x0100201 

8X1 110011 + 12X0101011 + 3x 1201000 + 3X2200002 + 3Xl002000 + X2OOOO3O + 3Xo010030 + 3Xl020002 

6X2000111 + 4xo30oioo + 12Xiiioioo + 16Xooioiii + 9xio2ooio + 7x2ooioo2 + I6X1100021 + 14Xoi 

5X2000200 + X0OOOO4O + 9Xo210002 + 14Xo011002 + 15Xo010200 + 9X2200010 + llXo000121 + 26Xiiooi( 
llX()00()202 + 16X0200012 + 23X()21001() + 3X3000012 + 24x 1010012 + 15X2001010 + 16X 1300001 + 14X: 

34Xooiioio + 18X2110001 + 56x1100110 + 29xo2ooo2o + 6X2020000 + 32xoi2oooi + 72xiioiooi + 6X3200000 
29Xoooioi2 + 24xoooo2io + 5xo4ooooo + 6IX0200101 + 44xi2ioooo + 5x3oooo2o + lOXooaoooo 
42Xioioo2o + 25xoiiooo3 + 14X3oooioi + 1^X1000022 +88x1010101 + 50xoooio2o + 91Xoooiioi +92x2ioooii 
28X1000103 + 13X3001000 + 7x2000004 + 166X0110011 + 27x 1000030 + 97xi2oooo2 + 3X4000002 + 66x1011000 
154xioooiii "I" 53x2010002 + 22xoioooi3 + 95x2iooioo + 98xoiooo2i + 47xo2oiooo + 67xoo2ooo2 + 50xooo2ooo 
7X4000010 + 171Xiooioo2 + 161Xoiioioo + 14Xooiooo4 + 163xoiooio2 + IOIX2000012 + 104xiooo2oo 
173Xi2oooio + 94x2010010 "I" II8X0020010 172Xooiooi2 + 283xiooioio + 74X3100001 + 339x 

1110001 

6X()()()()()i4 + 51Xooooo22 + 125X2()()0()20 + 71Xo30000i + 248xoiooiio + 134Xiiooo()3 + X5000000 
87X()()()()i()3 + 326X()i()i()()i + 208X0010020 + 120X22()()()()() + 54xooooo30 + 34x3()i()()o() + 28OX2000101 
102x1020000 + 433x0010101 + 590x 1100011 + 187xo2ioooo + 202x0200002 + 81X3000002 + 360xioiooo2 
213x2001000 "I" 291Xooiiooo + 526xiiooioo + 134x3ooooio "I" 320xooooiii "I" 379xoooioo2 "I" 37xiooooo4 
196X0000200 + 552x 

1010010 

+ 322X 1000012 + 308x0200010 + 471x 2100001 + 24x4000000 + 545xoooioio 
206x2010000 + 158X0100003 + 708x0110001 + 344xioooo2o + 762x 

1000101 + 300X 1200000 + 218x0020000 
551Xiooiooo "I" 594xoioooii + 266x2000002 + 400x2ooooio ~^ 25xoooooo4 + 428xooiooo2 + 77x3oooooo 
507xoiooioo "I" 190xoooooi2 "I" 616xooiooio "I" 682xiiooooi "I" 193xooooo2o "I" 440xooooioi "I" 314xioioooo 
236x1000002 "I" 166X0200000 + 332xoooiooo "I" 348xiooooio "I" 241Xoiooooi "I" 8IX2000000 "I" 51Xoooooo2 
133xooioooo + 78xoooooio + 29xioooooo + 3Xooooooo 

X0000300 + 2xoooiiio + X0002001 + X0110020 + 3xioooi2o + 3xoiioioi + 2Xoo2ooii + 2xoiiiooo 
2Xoi00030 + 3Xl000201 + 4Xo020100 + 2Xi200011 + 6X1001011 + lOXoiooiii + 4x 1110002 + X0300002 
3X2000021 + 8X0101002 + 9xooioo2i + 4xi2ooioo + 6X1001100 "I" 12Xiiiooio + ^Xosoooio + 6X2000102 
12Xooioio2 + 8X0100200 + 6x1020001 + 18X0101010 + 6x2200001 + 18X1100012 + 4xooooo3i + 6X0200003 
14Xooooii2 + X3000003 + 9x2000110 + 27xooioiio + 14X20oiooi + 30Xiiooo20 + I8X0210001 + 30xooiiooi 
24X0000120 + 60x 1100101 + 10x 1010003 + 8x3000011 + 8X1300000 + 30xoooo2oi + 9x2110000 + 18X0120000 
43xiioiooo + 42xo2oooii + 14Xoooioo3 + 62xioiooii + HXsoooioo + 42x2ioooo2 + 13Xiooooi3 + 42xo2ooioo 
7Xoioooo4 + 80xoooioii "I" 56xioooo2i + 58xioioioo "I" 65Xoooiioo "I" 78xoiiooo2 + 72x2ioooio "I" 134Xoiiooio 
96X1000102 "I" 3x4000001 "I" 57x2010001 "I" 138Xioooiio "I" 84xoioooi2 "I" 30x2ooooo3 "I" 105Xi2ooooi "I" IOIX0100020 



29 



Xoooooos + '''2X0020001 + 198x 1001001 + 28xo3ooooo + 204xoiooioi + 28x3100000 + 134xiiioooo "I" ^^Xooioooa 
138x2000011 + 30X()()()()()i3 + 239xooiooii + 84xooooo2i + 139xoioiooo + 216xiioooo2 + 132x2oooioo 
58X3000001 + 204x0010100 + 324x 

1100010 + 150xo2ooooi + 156x0000102 + 270xioioooi + 198xooooiio 
140x2100000 + 304x0001001 + 77xiooooo3 + 216xoiioooo + 300xiooooii + 174xoioooo2 + 270xioooioo 
3^X0000003 "I" 246xoioooio "I" 144x2000001 "I" 246xooioooi "I" 162xiiooooo "I" 132xoooooii "I" 128xooooioo 
102X1000001 "I" 47xoiooooo + I'^Xooooooi 

X2000010 + Xooiooio + 2Xiiooooi + X0200000 + X0000020 + 2Xooooioi + 3Xi()oooo2 + 2Xioioooo 

3Xoooiooo + Sxiooooio + 6x0100001 + 3x2oooooo + 3xoooooo2 + ^Xooioooo + 6X0000010 + 3xioooooo + Xooooooo 

Xiioooio + X0200001 + Xioioooi + Xooooiio + 2xoooiooi + 3xiooooii + X2100000 + 3xoioooo2 

3Xoi 10000 + ^Xioooioo + 4X2000001 + X0000003 "I" 6X0100010 + 8X0010001 "I" 8X1100000 "I" '7Xoooooii 

8X()()()()i()() + lOXioooooi + 6X()i()()()()() + 4X()()0()()()i 

X0200010 + Xoooioio + 2xoiioooi + X0020000 + X1000020 + 2xioooioi + 4xoioooii + X2000002 
2Xi2ooooo + 3xooiooo2 + 3xiooiooo + ^Xoiooioo + 3x2ooooio + '7Xooiooio + 12Xiiooooi + X3000000 
3Xoooooi2 + 4xooooo2o "I" llXooooioi "I" 5Xo2ooooo "I" 9Xiooooo2 + 8X1010000 "I" llXoooiooo "I" 16X1000010 
6X2000000 + 16X0100001 + 12Xooioooo + 6X0000002 + llXooooolo + 6X1000000 + Xooooooo 
Xioiooio + Xoooioio + X1000020 + X2100001 + 2xoiioooi + 3xioooioi + X2010000 + 2x2000002 
2Xi2ooooo + 3xoioooii + 2xoo2oooo + 4xiooiooo + 5x2ooooio + Sxoiooioo + 4xooiooo2 + 8X0010010 
13Xiiooooi + 2xoooooi2 + 4xooooo2o + lOXooooioi + 2X3000000 + 5Xo2ooooo + lOXioioooo + 9Xiooooo2 
12Xoooiooo 16X1000010 + '''X2000000 + l^Xoiooooi + UXooioooo + 5Xoooooo2 + ^Xoooooio "I" ^Xioooooo 
Xooooooo 

Xoiioolo + Xioooiio + X0020001 + X0100020 + X1200001 + 2xiooiooi + X0300000 + 3xiiioooo 
3Xoiooioi + 4xoioiooo + 2x2000011 + 4xooiooii + 5xiioooo2 + 2xooooo2i + 3X2oooioo + 6x0010100 
12Xiioooio + 4Xooooio2 + 2X3000001 + 8X0000110 + 3Xiooooo3 8X0200001 + 13Xioioooi + IOX2100000 
16X0001001 + 17X0110000 + 19X 1000011 + 23xioooioo + 14Xoioooo2 + 17X2oooooi + 24xoioooio + 4xoooooo3 
29X0010001 + 25x 1100000 + l^Xoooooii + 21Xooooioo + 22xioooooi + 12Xoiooooo + 6X0000001 
X0020010 + Xiooioio + Xoiooiio + X2000020 + 2xiiioooi + 2xoioiooi + X0010020 + 2x2000101 
X2200000 + 4xooioioi + 2Xio2oooo 6X1100011 "I" 3x2ooiooo + 3xo2ioooo 3xo2oooo2 + X3000002 
SXooi 1000 + X0000030 + 4X()()()()iii + lOXiiooioo + 6X1010002 + 6X0001002 + 3X3000010 + 7xiooooi2 
7X()2oooio + 4Xoooo2oo + 14Xi()i()()i() + l^Xoooioio + I6X2100001 + 4Xoioooo3 + X4000000 + 12Xioooo20 
25Xoiioooi + 11X2010000 + 31Xioooioi + I6X1200000 + 28xoioooii + I6X2000002 + 13Xoo2oooo + 33xiooiooo 
31X2000010 "I" 26x0010002 + X0000004 + 33xoiooioo "I" 1^X3000000 + 14Xoooooi2 + 46xooiooio + 1^X0000020 
64Xiiooooi "I" 46xooooioi + 20xo2ooooo + 33xiooooo2 + 40xioioooo "I" 44xoooiooo "I" ^^Xiooooio + 45xoiooooi 
13Xoooooo2 + 19X2000000 + 30xooioooo + 23xoooooio + Hx 1000000 + 2xooooooo 
Xiooioio + Xoiooiio + Xiiioooi + 2xoioiooi + X2200000 + X0010020 + X2000101 + X1020000 
3Xooioioi + X2001000 + 4xiioooii + 2Xo2ioooo + 2x0200002 + 4xooiiooo + 3xooooiii + 3xioiooo2 
'7Xiiooioo + X3000010 + 5Xoooioo2 + 3xiooooi2 + 6X0200010 + 4xoooo2oo + 8X1010010 "I" lOXoooioio 

8X2 lOOOOl + 2Xoi00003 + 7Xl000020 + 17Xoil0001 + 18X1000101 + 7X2000002 + 10Xl200000 + 5X2010000 

17X()i()()oii + 13Xooiooo2 + 7xoo2oooo + 20xiooiooo + 13X2ooooio + 21Xoiooioo + 27xooiooio + 6X0000012 
4X3000000 + 8X0000020 + 33xiiooooi + 23xooooioi + 12Xo2ooooo + 12Xiooooo2 + 19Xioioooo + 21Xoooiooo 
24Xiooooio + 18X0100001 + 6X2000000 + 4Xoooooo2 + 12Xooioooo + 6X0000010 "I" 3Xioooooo 
Xoioioio + Xooioiio + X0210001 + X1100020 + 2xooiiooi + 3xiiooioi + 2xoi2oooo + X()()()()i2() 
3Xo2oooii + 3xioiooii + 2xoooo20i + X1300000 + ^Xoooioii + 3Xi()()oo2i + 2X2100002 + 4Xiioiooo 
6X0110002 + 6X1000102 + SXioioioo + 5xo2ooioo + 7xoooiioo + 2X2000003 + 6x2100010 + l^Xoiiooio 

6X0100012 + 14Xl200001 + 5X2010001 + 4Xo010003 + 5Xo300000 + 9Xo020001 + 14Xioooiio + llXoi00020 

24Xiooiooi "I" 2Xoooooi3 "I" 27xoiooioi + 3x3iooooo 1^X2000011 "I" 30xooiooii "I" 29xiioooo2 

22Xiiioooo + 10Xooooo2i + 19X2oooioo "I" 25xoioiooo "I" 20xooooio2 + 35xooioioo "I" ^Sxnoooio "I" 33xooooiio 
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^XsOOOOOl + -l^OX 1000003 

+ 48x 

1010001 + 29x2100000 + 30xo2ooooi + 55xoooiooi + ^^Xiooooii + ^Sxonoooo 
56Xi()()()i()() + 31Xoioooo2 + 31X2000001 + SSxoioooio + 53xooioooi + 39xiiooooo + ^Xoooooos + 27xoooooii 
28Xooooioo + 24xioooooi + UXoiooooo + ^Xooooooi 

Xooiioio + Xiiooiio + Xa2ooo2o + Xai2oooi + X1010020 + Xcosoooo + ^Xnoiooi + X0000210 
2Xo2ooioi + 3Xioioioi + X0001020 + ^Xoooiioi + 3x2ioooii + 2xi2ioooo + X1000030 + 3xo2oiooo 

2X2010002 + '''Xoiiooii + '''Xioooiii + ^x 1011000 + 3Xooo2ooo + "5Xi20ooo2 + 5X2100100 + 12Xoiioioo 

4Xo020002 + 9Xl001002 + 13Xl2()0()l() + 6X2000012 + '''X03OOOOI + 6X2010010 + 9Xo()2()01() + >5Xoi00021 

10Xoiooio2 + 8X1000200 + 23xiooioio + ^Xsiooooi + IOX0010012 + 22xoiooiio + IOX2000020 + 32xiiioooi 
9Xiioooo3 + 27x2000101 + 20xooioo2o + 34xoioiooi + 4xooooo22 + 8X3010000 + 46xooioioi + 1^X2200000 

9X3000002 + 13X1020000 + 6X0000103 + 5Xo000030 + 66X1100011 + 25Xo210000 + 26X0200002 + 3X 1000004 

26X2001000 + 42X0011000 + 76x 1100100 + 44Xioiooo2 + 18X3000010 + 38X0000111 + 50Xo2oooio + 49xoooioo2 

83Xioiooio + 78x2100001 + 43xiooooi2 + 23xoioooo3 + 31Xoooo2oo + 4x4oooooo + 85xoooioio + 124xoiioooi 

58X1000020 "I" 135xioooioi "I" 112Xoioooii 68x1200000 "I" 53x2ooooo2 "I" 84xooiooo2 + 41x2oioooo 44xoo2oooo 

116X1001000 "I" lllXoiooioo + 87x2000010 "I" 2IX3000000 "I" 4Xoooooo4 + l^OXooiooio "I" 165Xiiooooi 

85x loioooo + 41Xoooooi2 + 45xooooo2o + lO^Xooooioi + 63xi()()()()()2 + 47xo2ooooo + 89xoooiooo lOlXiooooio 

26X2000000 + '''3X0100001 + 44xooioooo + I8X0000002 + 26X0000010 + 12Xioooooo + Xooooooo 

X0002010 + Xoiioiio + X0020020 + 2xoiiiooi + X1000210 + 2xoo2oioi + X0220000 + X1200020 + X1001020 

2Xi2ooioi + 2xoiooi2o + 4xiooiioi + 4xoioo2oi + 3xoo2iooo + 6x1110011 + 2xo3oooii + 8x0101011 

3Xl201000 + 3X2200002 + 3Xl002000 + X2OOOO3O + X0OIOO3O + 3Xl020002 + 3Xo300100 + lOXlllOlOO 

4X2000111 + lOXooioiii + 7x 1020010 + 12Xoioiioo + 4X2000200 + X0000040 + 4X2001002 + lOx 1100021 
'''X02IOOO2 + llXo011002 + 18X1100102 + 6X0000121 + '''X22OOOIO + 12Xo010200 + 13X2001010 + 19Xo2iooio 
12X0200012 + 8X0000202 + 3X3000012 + 1^X2110001 + 26X0011010 + 42XiiooilO + 20Xo200020 + 27Xoi20001 
■'■4X1300001 + 16X0000210 + 58X1101001 "I" 16X1010012 + 5Xo400000 + 4X3000020 + 30Xi010020 + l'''Xoooioi2 

6X2020000 + 10X2100003 + 48xo2ooioi + l'''Xoiiooo3 + 12x 1000022 + l'''Xioooio3 + 6X3200000 + 35Xoo01020 

11X3000101 + 8X0030000 + 68X1010101 + 6X2000004 + 68X0001101 + 38X1210000 + 14Xoi00013 + "70X2100011 

9X3001000 + 122X0110011 + 74xi2oooo2 + 1^X1000030 + 3x4000002 + 56x1011000 + 77x2100100 + 8x0010004 
41X2010002 + 108X1000111 "I" 7x4000010 "I" 67xoiooo2i + 38xo2oiooo 43xooo2ooo "I" 49xoo2ooo2 + 123Xiooioo2 

129Xoiioioo + 113X()iooio2 + 72x2ooooi2 + 138Xi2oooi() + 83xiooo20o ~^ 74x2oiooio + 117Xooiooi2 
95X()02()()i() + 214x 1001010 + 60X3100001 + 5Xoooooi4 + X5000000 + 265X 1110001 + 97X2000020 + 34Xo000022 
57Xo30oooi + 185xoiooiio ~^ 06x2200000 + 148xooioo2o ~^ 28x3010000 + 92xiioooo3 ~^ 248xoioiooi 
57xooooio3 209x2000101 "I" 40xooooo30 66x3000002 "I" 320xooioioi 151Xo2ioooo 430xiioooii 
148X0200002 + 82x 1020000 + 168X2001000 + 260x 1010002 + 224xooiiooo + 103X3000010 + 400xiiooioo 
224x0000111 + 259x0001002 + 141Xoooo2oo + 412xioiooio + 230xo2oooio + 354x2iooooi + 4005/iioooioio 
26Xiooooo4 + 227xiooooi2 + 245xioooo2o ~^ 22x4000000 ~^ 517xoiioooi + 108xoioooo3 + 156x2oioooo 
20Xoooooo4 + 543xioooioi "I" 164xoo2oooo "I" 227xi2ooooo "I" 397xiooiooo "I" 416xoioooii 362xoiooioo 
192X2000002 "I" 295x2000010 298x0010002 "I" 57x3000000 "I" 430xooiooio "I" 480xiiooooi "I" 132Xoooooi2 
138X0000020 + 299X()()o()i()i + 222x1010000 + 169Xiooooo2 + 114Xo2ooooo + 228X0001000 + 238xiooooio 
165xoiooooi + 60X2000000 + 37xoooooo2 + 89xooioooo + 57xoooooio + 21Xioooooo + 3Xooooooo 
Xioooiio + X0100020 + Xiooiooi + 2xoiooioi + X2000011 + 3xooiooii + Xiiioooo + 3x 1100002 
2Xoioiooo + 2xooooo2i + X2000100 + 4xooooio2 + 4Xooioioo + 7xiioooio + 5xo2ooooi + X3000001 
7Xooooiio + 2xiooooo3 + 7xioioooi + UXoooiooi + 5x2iooooo + 14Xiooooii + lOXoiioooo + IOX0100002 
15Xi()()()i()() + 10X2000001 + 18X0100010 + 20xooioooi + 16X1100000 + 3xoooooo3 + 14Xoooooii + 14Xooooioo 
ISXioooooi + 8X0100000 + 4xooooooi 

Xoiooiio + X0010020 + Xoioiooi + X0000030 + 2xooioioi + X0210000 + 3Xiioooii + 2x0200002 
2Xooiiooo "I" 2xioiooo2 + 4xiiooioo "I" 4Xooooiii "I" 3Xoooo2oo "I" 5xioiooio "I" 4xoooioo2 + 5xiooooi2 
5Xo2oooio "I" 9xoooioio + 3Xoioooo3 + 8X1000020 "I" 5x2iooooi "I" 13Xoiioooi + X0000004 + 3x2oioooo 
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8Xl200000 + ISXlOOOlOl + ^X2000002 + 5Xo020000 + 21Xoi00011 + 16Xj(,()iooO + 15X2000010 + 21Xoiooioo 

17X0010002 + 29X0010010 + 39x 1100001 + 12xoooooi2 + 14xooooo2o + 33Xooooioi + ^Xsoooooo + 13xo2ooooo 
22Xioioooo + 23xiooooo2 + 28xoooiooo + 37xiooooio + IIX2000000 ~^ 32xoiooooi ~^ IOX0000002 + 21Xooioooo 
l^Xoooooio + 8x1000000 + Xooooooo 

Xooioiio + X1100020 + Xooiiooi + X0000120 + 2Xiiooioi + ^Xioiooii + X0120000 + 2xoooo2oi 
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2Xioi()()()() + 4xooooioi + 4X()()()i()()() + 4Xi()()()()02 + 7Xiooooio + 8X0100001 + 4xoooooo2 + 3x2oi 
6X0010000 + 6X0000010 + 4x 1000000 + Xooooooo 

Xooiooii "I" X1100002 + Xooioioo + Xnnnnin2 + 2xiinnnin + 3xioioooi + 2xooooiio + X1000003 



"J/VOOIOOOO ~ ^AOOOOOIO ~ 1000000 A-OOOOOOO 

Xooiooii + X1100002 + Xooioioo + X0000102 + 2xi: 

2X0200001+4X0001001+6X1000011+2X2100000+ .-^„„„^„„ 

6X00000111 + 9Xninnnin + 12xooioooi + 8Xoooooii + HXiiooooo + ^Xooooioo + HXioooooi + 6Xoiooooo 



.-1100010 + 3Xioioooi + 2Xooooiio + X1000003 
•u^uuuui 2X2100000 + ^XoilOOOO + 5Xoi00002 + 7Xioooioo + 2Xoooooo3 

6X2000001 + ^XoiOOOlO + 12Xo^^ '^'^'^^ + 8*^0000011 ~l~ ll^f'iinnnnn ~t~ 9'yooooioo ~1~ ll^innnnni ~l~ 6'\'oiO( 

3Xooooooi 
Xoooioii + Xoi 



"A.2OOOOOI ' "A.UIUUUIU ' ^"A.OOlOOOl ' "A,0000011 ' ^^A,11UUUUU ' "A.OOOOIOO ' ^^A,1UUUUU1 ' ^ 

3Xooooooi 

Xoooioii + X0110002 + Xoooiioo + OX1000021 + 2Xoiiooio + X1000102 + X0100012 + 2Xoo2oooi 
2Xioooiio + 2Xi2ooooi + 2Xoiooo2o + 4Xiooiooi + 6X0100101 + X0010003 + 4Xiiioooo + 2X2000011 

7Xooiooii + X0300000 + 2X()()()oo2i + 6X0101000 + 3X2000100 + 7Xiioooo2 + 9Xooioioo + 5X()()()()io2 
14Xi 100010 + X3000001 + 9x 0200001 + lOXooooiio + 2Xiooooo3 + 13x 1010001 + 18X0001001 + 8v„i 



+ 

+ 

+ 14Xi 100010 ^ A,3000001 ^ !'A,()2()()()()1 -^'-'AOOOOIIO ^ ^A,1000003 ^ -^>J A, lOlOOOl -^OAOOOIOOI ^ "A21Q0000 

+ 17Xoiioooo + l^Xiooooii + 10Xoioooo2 + l^Xioooioo + l^Xoioooio + IOX2000001 + l^Xooioooi + X0000003 

+ l^Xiiooooo + ^Xoooooii + llXooooioo + 8X1000001 + 4Xoiooooo + Xooooooi 

~ Xooooiii + X0001002 + X0000200 + X1000012 + 2Xoooioio + 2Xoiioooi + X0100003 + X0020000 

2Xionoo2n + 4Xioooioi + 6X0100011 + 2X2000002 + 5Xooiooo2 + Xi 200000 + 3Xiooiooo + 6X11111111™) 



... . -1000012 + 2Xoooioio + 2Xoiioooi + X0100003 + X0020000 

2Xioooo20 + 4Xioooioi + 6X0100011 + 2X2000002 + 5Xooiooo2 + X1200000 + 3Xiooiooo + 6X(ii(i(ii(i(i 
3X2000010 + 9Xooiooio + 4Xoooooi2 + 12Xiiooooi + 6X0000020 + 5Xo2ooooo + 13Xooooioi + 9Xiooooo2 
X3000000 + 7Xioioooo + llXoooiooo + l^Xiooooio + 14Xoiooooi + 5Xoooooo2 + 5X2oooooo + ^Xooioooo 
8X0000010 + 4Xioooooo + Xooooooo 

X0000021 + X(i(i(i()io2 + 2Xooooiio + 2Xoooiooi + X1000003 + Xoiioooo + 4Xiooooii + 4Xoioooo2 
000100 + 2Xoooooo3 + 6X(ii(i(i(ii(i + 3X2000001 + 7Xooioooi + 6X1100000 + ^Xoooooii + 8X0000100 
.-1000001 + 6X0100000 + ^Xooooooi 
X1000002 + Xiooooio + 2Xoiooooi + X2000000 + 2Xoooooo2 + 2Xooioooo + 3Xoooooio + 3Xioooooo 
Xooooooo 



3Xi(i(i(ii(i(i 
lOx 



~ X0100002 + Xoiooolo + 2Xooioooi + 2Xoooooii + 2Xiiooooo + 3Xooooioo + 4Xioooooi + 4Xoiooooo 
2xooooooi 



' ^UUUUUUi- 

— X0010002 + Xooioolo + 2Xiiooooi + X0200000 + 2Xioioooo + 2Xooooioi + 3Xoooiooo + 2Xiooooo2 

+ 4xiooooio + ^Xoiooooi + X0000002 + 2X2000000 + ^Xooioooo + 3Xoooooio + 2Xioooooo 

~ X0001002 + Xoooioio + 2Xoiioooi + X0020000 + 2Xioooioi + 2Xoioooii + 2Xooiooo2 + X1200000 
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+ ^Xiooiooo + ^Xoiooioo + X2000010 + ^Xooiooio + ^Xiiooooi + X0000020 "I" 3Xo200000 + ^Xooooioi 

"I" A, 1000002 1010000 + '''Xoooiooo + 5x 1000010 + ^Xoiooooi + X2000000 + ^Xooioooo + Xoooooio 

2527 = X0000102 + Xooooiio + 2xoooiooi + Xoiioooo + 2xiooooii + 2xoioooo2 + ^Xioooioo + ^Xoioooio 

+ X2000001 + Sxooioooi + 4xiiooooo + ^Xoooooii + 6X0000100 + ^Xioooooi + ^Xoiooooo + Xooooooi 

zqz-; = X0000012 + X0000020 + 2xooooioi + Xoooiooo + 2xiooooo2 + 3Xiooooio + ^Xoiooooi + X2000000 

+ ^Xoooooo2 + ^Xooioooo + ^Xoooooio + 3Xi()ooooo + Xooooooo 

27 = Xocoooos + 2xoooooii + Xooooioo + ^Xioooooi + 2Xoiooooo + ^Xooooooi 
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